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Tich phan bat dinh
Khai niém va tinh chét
Dinh nghia 1.1

Ta goi F(x) 13 nguyén ham cia f(x) néu F (x) = f(z). Moi nguyén ham ciia f(z) déu
c6 dang F(z) + C (C — const). Tap hop tat ca cdc nguyén ham ciia f(z), goi I3 tich
phén bat dinh, ky hiéu

/f () + C (C — const).

Tich phan bt dinh c6 cac tinh chit sau
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Tich phan bat dinh
Khai niém va tinh chét
Dinh nghia 1.1

Ta goi F(x) 13 nguyén ham cia f(x) néu F (x) = f(z). Moi nguyén ham ciia f(z) déu
c6 dang F(z) + C (C — const). Tap hop tat ca cdc nguyén ham ciia f(z), goi I3 tich
phén bat dinh, ky hiéu

/f () + C (C — const).

Tich phan bt dinh c6 cac tinh chit sau

@ Dao ham % /f(l)duL = f(z) va vi phan d'/ f(z)dx

f(@)dz;
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Tich phan bat dinh
Khai niém va tinh chét
Dinh nghia 1.1

Ta goi F(x) 13 nguyén ham cia f(x) néu F (x) = f(z). Moi nguyén ham ciia f(z) déu
c6 dang F(z) + C (C — const). Tap hop tat ca cdc nguyén ham ciia f(z), goi I3 tich
phén bat dinh, ky hiéu

/f () + C (C — const).

Tich phan bt dinh c6 cac tinh chit sau
@ Dao ham di/f(:c)dm = f(x) va vi phan d/f(x)dm = f(z)dx;
x
o /(Lf(T)dT:(I/f(T)dT (a — const);

T
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Tich phan bat dinh
Khai niém va tinh chét
Dinh nghia 1.1

Ta goi F(x) 13 nguyén ham cia f(x) néu F (x) = f(z). Moi nguyén ham ciia f(z) déu
c6 dang F(z) + C (C — const). Tap hop tat ca cdc nguyén ham ciia f(z), goi I3 tich
phén bat dinh, ky hiéu

/f () + C (C — const).

Tich phan bt dinh c6 cac tinh chit sau
@ Dao ham di/f(:c)dm = f(x) va vi phan d/f(x)dm = f(z)dx;
x

o /af(x)da::a/f(w)dm (a — const):
o [l tg@)ds= [ ot [ gy
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Tich phan bat dinh
Khai niém va tinh chét
Dinh nghia 1.1

Ta goi F(x) 13 nguyén ham cia f(x) néu F (x) = f(z). Moi nguyén ham ciia f(z) déu
c6 dang F(z) + C (C — const). Tap hop tat ca cdc nguyén ham ciia f(z), goi I3 tich
phén bat dinh, ky hiéu

/f () + C (C — const).

Tich phan bt dinh c6 cac tinh chit sau
@ Dao ham di/f(:c)dm = f(x) va vi phan d/f(x)dm = f(z)dx;
x

o /af(x)da::a/f(w)dm (a — const):
o [ £g@]de= [ fa)do [ g(a)da SER

@ )

S
@ Néu f(r)dT =F(z)+C th /,f(u)du =F(u)+C. &\é&
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Tich phan bat dinh

Mot sb tich phan bit dinh cd ban

/dezC; /ad:czax—i—C’ (a — const)
1o

«@ — «@ _1

z%dx ar it +C, (a#-1)

dj:ln|x|+0; /azdx:

T 1

aw

+C (a>0,a#1)
na
edr = %e‘” +C (a#0);

cosbxdx = %sinbx +C (b#0)

—— e o~

1
sinbrdr = —— cosbx + C dz =tanx + C
p b dCOSQ
f = —cotanx + C} .m zln‘tang‘—i—C
sin“ x sin 2

dx r 7
/cosm —ln’tan (5 * Z)‘ +C
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Tich phan bat dinh

Maét sb tich phan bét dinh ca ban (tiép)

dz i In
a? — 12 2a

= arctan — —|— C,

a+x

2
VAT bde = SV b+

+C’

:ln|m+\/m2 |+C’

2
T a .z
a? — r2dr = =+v/a? — 2?2 + 5 arcsmf +C

T
= arcsin — + C
a

| 7=+

ln‘x+\/:v2 |+C
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

1. Phuadng phap phan tich

Dua vao cic phép bién déi dai sb dé dua f(z) vé& dang t8ng cha cic ham so cp don
gidn ma nguyén ham cia chiing d3 cé sin.
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Tich phan b4t dinh

Céac phuong phép tinh tich phan b4t dinh

2. Phuang phap déi bién

Ménh dé 1.1

Dat = ¢(t), trong d6 ¢ la ham lién tuc, don diéu va cé dao ham lién tuc. Khi d6
dz = ga/(t)dt va ta ¢6

I_/f da:*/f dt = F(t) + C.

Tra lai bién sb cii t = ¢! (z) ta c6 két qua.

~ Kl
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Tich phan b4t dinh

Céac phuong phép tinh tich phan b4t dinh

2. Phuang phap déi bién

Ménh dé 1.1

Dat = ¢(t), trong d6 ¢ la ham lién tuc, don diéu va cé dao ham lién tuc. Khi d6
dz = ga/(t)dt va ta ¢6

. / f(@)dz = / Fle®) ¢ (B)dt = F(t) + C.

Tra lai bién sb cii t = ¢! (z) ta c6 két qua.

’

Trudng hop ham f(z) c6 thé biéu dién dudi dang f(z) = h (p(z)) ¢ (z), dit t = o(z)

ta cé
/f(x)da:: /h(t)dt (d& tinh).

Tra lai bién sb cii t = () ta thu dugc két qua.
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

Vidul

Tinh céc tich phan sau

z+1 1 1., 1 2z + 1
S=t) |sln(e?+z41)+ —arct ol
0/1:2+1:+1 (x+2 ) {2 n(z>+z+ )+\/§alcan 7 +(V]
9/7 (m—l—t> [—\/5+x—r2+1‘1rcsin2x_l—&—C]
V5 +x —x2 2 ’ 277 V21 '
1

2 1 2 —
9/\/2+w—a72da: {:c4 \/2+w7x2+§arctan T

3}
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

3. Phuong phép tich phan tirng phan

Néu u, v la cdc ham kha vi thi ta cé

/udv:uv—/vdu.
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Tich phan b4t dinh

Céac phuong phép tinh tich phan b4t dinh

Chay 1.1
Ba nhém dang ham sau day ngudi ta thudng sit dung phuong phép tich phan ting phan
Inx
arcsin x
@ Dang /Pn(m) arccosz p dz. Dit dv = P, (z)de = v = /Pn(ac)da:, con
arctan x
arccot x
1
—dx
T
Inx 1 dr
arcsin x V1 71372
u = g arccosz —> du = —ﬁdm’
arctan x 1
arccot @ 1+ %’l
- d
1+ 22 v
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Tich phan b4t dinh

Céac phuong phép tinh tich phan b4t dinh

Cha y 1.1. (tiép)

@ Dang
oo ld(e‘””)
/Pn(x) cos bz dx:/Pn(x) %d(sinbx)
sin bx —%d(cosbm)
@ Dang

sin bx sinbx | 1
= /ew dx :/ =d (e"),
cos bx cosbx | a
tich phan titng phan hai 1an, s& din t&i dang tich phan ban diu I, gidi phuong
trinh duoc két qua. Nhung chii ¥ ring 1an dau dua e vao trong diu vi phan thi
Ian thit hai cling phdi dua e*® vao trong dau vi phan.

o
—)
N
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

Vi du 2

1
(1) /arctan rdx {m arctan z — 3 In (1 + :1?2) + C} ;

o / e*dx {* (TZ = a4 %) e +C}:

1 1
Q /xsin?mdm {—imcos2m+isin2x+C};

8}

2z
Q /ezz sin zdx {GT (2sinz — cosx) + C} .
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

4. Tich phdn ham hitu ty

Xét ham hitu ty gn((m)) trong d6 P, (z) = ao + a1z + - - - + a,z™ 13 da thifc bac n con
wl@
Qm(x) 13 da thic bac m.
Néu n > m ta thuc hién phép chia da thiic d& dugc phan nguyén va phan phan
P(x) R(z)
= x) + .
Qn@ ~TOF Q@)
H(z) 13 phan nguyén va 13 da thic bac n — m, con R(x) |3 phan du va 13 da thic bac
< m.
Pn(z)

Qm(z)

Néun <m —1 thi

goi la phan thic hitu ty thuc su.

D& tinh / Pu(@) 40 n < m ta tién hanh nhy sau. TR
Q@) &((}@
2224
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Tich phan bat dinh
Céac phuong phép tinh tich phan b4t dinh
4. Tich phan ham hitu ty

@ Phan tich

Qum(z) =bo(x — a)(z = b)* ... (z° + prz + q1) X
x (@® +paz+q2)’ ..., pi —4q: <0,¥i > 1.
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Tich phan bat dinh
Céac phuong phép tinh tich phan b4t dinh
4. Tich phan ham hitu ty

@ Phan tich

Qum () =bo(x —a)(z —b)*...(z° + pz + q1)x

X ($2+p2x+q2)5..., p; —4g; < 0,Vi > 1.
@ Phan tich L&) _
Qm ()
A B B., Cx+ D
= = s

T —a x—>b (r —b)~ 2+ prr+ @
Cix + D1 Cgx + Dg

22 + p2x + g2 (22 + p2x + g2)/

Céc hingsb A, Bi(i=1+a),...,C,D,C;,Dj,j =13, ... dugc tim bing cich
quy déng mAu sbé chung & vé& phai va dong nhit hai vé theo lily thira cia z, dudc
hé dé tim chiing. Tich phan hai v& ding thiic cudi ciing ta dugc két qua.
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

Vidu 3

1522 — 42 — 81 3, 5 . _
0/ a:—|—4)(x—1)dw [ln|(x73) (z+4) (1—1)|+C},

z* — 322 -3z -2 z? 2 1
_— — 4 In|lz|—=In|z —2| — =1In|: 1 :
e/ P S S dx {Q—I—r—&— n|z| Sn\r | 3n|r+ H—C]

e/xfc—lfl {ffln\1+1\+ ln(:L 71+1)++?arctan2x\/_§l+0};

2t +42® + 1122 + 122 + 8
o/

(z2 + 2z +3)* (z + 1)

2 1
{1n\:13+1| ___zHe L arctan T

2(z2+2x+3) 2,2 V2

1+C.
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Tich phan b4t dinh

Tich phan b4t dinh

Céac phuong phép tinh tich phan b4t dinh

5. Tich phan ham lugng giac

Gia sir can tinh tich phan I = /R(sin x,cos x) dzx, trong dé R (sinz, cosx) la ham hiu
ty dbi véi cac bién sin z, cos .

PALLL A
T.M. Toan (SAMI-HUST) IChuong 2: Tich phan
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

5. Tich phan ham lugng giac

Gia sir can tinh tich phan I = /R(sin x,cos x) dzx, trong dé R (sinz, cosx) la ham hiu
ty dbi véi cac bién sin z, cos .

PN £ Re LA T ,
Thuc hién phép dbi bién t = tan 5 —rT<zx<m, tacéd

2t 1—t2 2
I=/[R dt.
/ (1+t2’1+t2)1+t2

PALLL A
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Tich phan bat dinh
Céac phuong phép tinh tich phan b4t dinh
5. Tich phan ham lugng giac

Gia sir can tinh tich phan I = /R(sin x,cos x) dzx, trong dé R (sinz, cosx) la ham hiu
ty dbi véi cac bién sin z, cos .

A 3R A T ,
Thuc hién phép doi biént =tan=, -7 <z <, tacd

2t 1—t2 2
I=/[R dt.
/ (1+t2’1+t2)1+t2

Chii y 1.2

e N&u R (sinz, cos ) chn d&i véi sinz va cosz thi dit ¢t = tanx ho3c t = cot z;
@ Néu R (sinz,cosz) |& déi véi sinz thi dit t = cos x;

@ Néu R (sinz,cosx) & dbi véi cosz thi dit t = sin .

PRI =N
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

Vi du 4

Sln T COST
(1) / ——————dm;

sinx + cosx

tanz = ¢, |~ In|s
anx ,{4 n

dx
o /sinx(Zcost— 1)
1+ \/Ecos:r

1—+v2coszx

1
| — icosx(sin;c+cosx)+€};

+ In

1
cosx =t, {— ln'

V2

0
tan — .
anQ‘Jr(’}
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

5. Tich phan mét s6 ham vé ty
Xét tich phan dang I = /R (z,Vax? + bz + c) d
Q= /R (z,Va — 22) dz, d3t = = asint hodc = = acost, dua vé dang lugng
giac.

Q I—/R Va2 + %) dz, dit © = atant hoic z = acott.

sint’

(3] IZ/R(:I:7 xQ—a2)dx,détx:Lhoéca::
cost
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Tich phan b4t dinh

Tich phan b4t dinh

Céac phuong phép tinh tich phan b4t dinh

5. Tich phan mét s6 ham vo ty (tiép)

Ta c6 thé diing phép thé Euler dé dua vé dang tich phan hiiu ty
@ Néua >0, dit Vaz? + bz +c=t+z/a;
@ Néuc>o, dst \/m:xti\/&

@ Néuaz’ +br+c=a(x—a)(z—pF), dit

vazr?+br+c=t(x—a) hodct(z— ).

/

A

Ha N&i, thiang 8 nam 2013 19 / 64
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Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

5. Tich phan mét s6 ham vo ty (tiép)

Ta c6 thé diing phép thé Euler dé dua vé dang tich phan hiiu ty
@ Néua >0, dit Vaz? + bz +c=t+z/a;
@ Néuc>o, dst \/m:xti\/&
@ Néuaz’ +br+c=a(x—a)(z—pF), dit

vazr?+br+c=t(x—a) hodct(z— ).

Chay 1.3
Mt s6 ham khéng cé nguyén ham so cAp (ching minh bdi Liouville)
+o2 2 . o €% cosz sinz 1 7 3 1
e cosz”,sinz”, — — — 3, —.
) ) ) T ) T ) T ) lnl" ’ m

/

PRGN
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L e |
Tich phan bat dinh

Céac phuong phép tinh tich phan b4t dinh

Vidu 5
z° 1—z?
¥ 4 _
& /\/1—;72 ’ { 15

Q/J#—iwdw [\/372+2:17+2+21n(x+1+\/12+2x+2)};

(3z* + 42> +8) + C|;

0/ dx ]

Vit z+1
3 .2

Q/Lwdm,
T

a> 0.
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NGi dung

e Tich phan xac dinh
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Tich phan xac dinh

Tinh dién tich hinh thang cong
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Tich phan xac dinh

Tinh dién tich hinh thang cong

Cho ham f(z) lién tuc va khéng am trén i
[a, b], khi d6, dién tich cta hinh thang

cong gidi han béi

0<y<fla)a<z<bla

n

S = hm Zf z;) Az;, A = max Az;.

i=1,n

T.M. Toan (SAMI-HUST) (Chuong 2: Tich phan Ha N&i, thiang 8 nam 2013 23 / 64



Tich phan xac dinh

Tich phan xac dinh

Dinh nghia tich phan xac dinh

I b=
[ T
-
&
2
sijm,= 82 b
2 / flx)de = 28.67
area= 28,67 ¢
T =To
o
= o & o z 5 % k3 B T 13 & EY B BN
n=1
-—
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Tich phan xac dinh

Dinh nghia tich phan xac dinh

Dinh nghia 2.1

Cho ham f(z) xac dinh trén [a, b].
@ Chia [a,b] bdi cic difm chiaa =z <21 <22 < --- < Tp = b;
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Tich phan xac dinh

Dinh nghia tich phan xac dinh

Dinh nghia 2.1

Cho ham f(z) xac dinh trén [a, b].
@ Chia [a,b] bdi cic difm chiaa =20 <21 <z2 < --- < Tp, = b;
@ Tinh Aj =x; — ;-1 (i=1,n) va dit A = max A;;

i=1,n
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Tich phan xac dinh

Dinh nghia tich phan xac dinh

Dinh nghia 2.1

Cho ham f(z) xac dinh trén [a, b].
@ Chia [a,b] bdi cic difm chiaa =20 <21 <z2 < --- < Tp, = b;
@ Tinh Ay =z; —x;—1 (i =1,n) va dit A = max A;;

=1L,

) Léy & € [wi—1,x] (2=1,n);
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Tich phan xac dinh

Dinh nghia tich phan xac dinh

Dinh nghia 2.1

Cho ham f(z) xac dinh trén [a, b].
@ Chia [a,b] bdi cic difm chiaa =20 <21 <z2 < --- < Tp, = b;
@ Tinh Ay =z; —x;—1 (i =1,n) va dit A = max A;;

=1L,

@ Loy i€ fwimr,mi] (i=T1,n);

@ Lap téng tich phan o = Z f (&) Ax;.
i=1
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Tich phan xac dinh

Dinh nghia tich phan xac dinh

Dinh nghia 2.1

Cho ham f(z) xac dinh trén [a, b].
@ Chia [a,b] bdi cic difm chiaa =20 <21 <z2 < --- < Tp, = b;
@ Tinh Ay =z; —x;—1 (i =1,n) va dit A = max A;;

=1L,

o Léy & € [331'_1,.7)1'] (’L =

[y

n);

@ Lap téng tich phan o = 3. (&) Ax;.
=i
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Tich phan xac dinh

Dinh nghia tich phan xac dinh

Dinh nghia 2.1

Cho ham f(z) xac dinh trén [a, b].
@ Chia [a,b] bdi cic difm chiaa =20 <21 <z2 < --- < Tp, = b;
@ Tinh Ay =z; —x;—1 (i =1,n) va dit A = max A;;

=1L,

o Léy & € [331'_1,.7)1'] (’L =

[y

n);
@ Lap tbng tich phan o = > f (&) Az
i=1
Néu )l\imoa = I khéng phu thudc vao céich chia doan [a, b] va cich chon cic diém & thi
b

I dugc goi la tich phan x4c dinh cla ham f(z) trén [a, b] va ky hiéu la /f(x)dx. Khi

a

dé ta ciing néi f(x) kha tich trén [a,b].
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Tich phan xac dinh

Dinh nghia tich phan xac dinh

Dinh nghia 2.2

@ Khib< atacod
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Tich phan xac dinh

Dinh nghia tich phan xac dinh

Dinh nghia 2.2

@ Khib< atacod

@ Khia=0btacé
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Tich phan xac dinh

Dinh ly 2.1

Ham f(z) kh3 tich trén [a,b] khi va chi khi ;in%) (S —s) =0, trong dé
—

S:ZMiAa:,', S:ZmiAxi, M; = max f(z), m; = min f(z).
i=0 i=0

TEAZ; zEAT;

T.M. Toan (SAMI-HUST) IChuong 2: Tich phan Ha N&i, thang 8 nam 2013

27 / 64



Tich phan xac dinh
Dinh ly 2.1

Ham f(z) kh3 tich trén [a,b] khi va chi khi ;in%) (S —s) =0, trong dé
—

S:ZMiAa:,', S:ZmiAxi, M; = max f(z), m; = min f(z).
i=0 i=0

TEAZ; zEAT;

Dinh ly 2.2

Néu f(x) lién tuc trén [a,b] thi né kha tich trén doan do.
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Tich phan xac dinh

Dinh ly 2.1

Ham f(z) kh3 tich trén [a,b] khi va chi khi ;in%) (S —s) =0, trong dé
—

S = ZMiAmi, s = ZmiAxi, M; = zrgg;(j f(z), m; = JErenirgii f().
i=0 i=0 ' '

Dinh ly 2.2

Néu f(x) lién tuc trén [a,b] thi né kha tich trén doan do.

Dinh ly 2.3

Néu f(z) bi chan trén [a,b] va c6 hitu han diém gidn doan loai 1 trong dé thi ciing kh3
tich trén dé.

\/’T\(‘
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Tich phan xac dinh

Dinh ly 2.1

Ham f(z) kh3 tich trén [a,b] khi va chi khi ;in%) (S —s) =0, trong dé
—

S:ZMiAmi, S:ZmiAxi, M; = max f(z), m; = min f(z).
i=0 i=0

TEAZ; zEAT;

Dinh ly 2.2

Néu f(x) lién tuc trén [a,b] thi né kha tich trén doan do.

Dinh ly 2.3

Néu f(z) bi chan trén [a,b] va c6 hitu han diém gidn doan loai 1 trong dé thi ciing kh3
tich trén dé.

N /’T\(‘

Dinh ly 2.4

Néu f(x) bj chdn va don diéu trén [a,b] thi ciing kh3 tich trén do.
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Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Tuyén tinh
Gid st f(x), g(z) 1a cdc ham kha tich trén [a, b]. Khi d6
b b b

[lat@ + 9@ do=a [ f@)ds+ 5 [ gz, aper

a a

gy
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Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Tuyén tinh
Gid st f(x), g(z) 1a cdc ham kha tich trén [a, b]. Khi d6

b b b

[lat@ + 9@ do=a [ f@)ds+ 5 [ gz, aper

a a

Cong tinh

Néu f(z) kha tich trén khodng cé dé dai I6n nhit trong cc doan [a,b], [a,d], [c,b] thi
né ciing kha tich trén cic khodng con lai va ta cé

b b

/f(x)dm:/cf(x)da:—&-/f(x)dx.

a c
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Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Bao toan thir tu
2
@ Né&u f(z) kha tich va khdng am trén [a, b] thi /f(z:)dm > 0.

a
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Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Bao toan thir tu

b
@ Né&u f(z) kha tich va khéng am trén [a, b] thi /f(a:)dx > 0.

u f(x),g (JL) kha tich trén [a,b] va f(z) < g(z) Vz € [a,b] thi

/b z)dx < /g( ) da.
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Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Bao toan thir tu
b
@ Né&u f(z) kha tich va khéng am trén [a, b] thi /f(a:)dx > 0.

@ Néu f(x), g(x) kha tich trén [a,b] va f(z) < g(x) Yz € [a,b] thi
b b

[ 1@z < [ @)

a a

@ Né&u f(z) kha tich trén [a, b] thi |f(x)| ciing kha tich trén dé va

'/h’f<x>da: < ./b'f<x>dm.
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Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Bao toan thir tu
b
@ Né&u f(z) kha tich va khéng am trén [a, b] thi /f(a:)dx > 0.

@ Néu f(x), g(x) kha tich trén [a,b] va f(z) < g(x) Yz € [a,b] thi
b b

[ 1@z < [ @)

a a

@ Né&u f(z) kha tich trén [a,b] thi |f(x)| ciing kha tich trén dé va

/bf(iv)dw S/blf(w)ldw~

b
@ Néum < f(z) < M trén [a,b] thi m(b—a) < f(z)de < M(b—a).

a
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Tich phan xac dinh

Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Dinh Iy 2.5
(Dinh Iy trung binh thir nhit).

Gi3 sir ham f(x) kh3 tich trén [a,b] va m < f(z) < M, Yz € [a,b]. Khi dé, tén tai
w € [m, M| sao cho

[ f@dz=ut-a.

(NS 5N
@)
Y

N
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Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Dinh ly 2.5

(Dinh Iy trung binh thir nhit).
Gi3 sir ham f(x) kh3 tich trén [a,b] va m < f(z) < M, Yz € [a,b]. Khi dé, tén tai
w € [m, M| sao cho

/f n(b—a).

Néu thém gi3 thiét f(x) lién tuc trén [a,b] thi 3c € [a,b] sao cho
b

/ﬂmm:f@w—@.

a
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Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Dinh ly 2.6

(Dinh ly trung binh thd hai).
Gi3 sir cdc ham f(x), g(x) kha tich trén [a,b] va m < f(z) < M, Yz € [a,b], déng thoi
g(x) khéng déi diu trén [a,b]. Khi dé, tén tai i € [m, M] sao cho
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Tich phan xac dinh

Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Dinh ly 2.6

(Dinh ly trung binh thd hai).

Gi3 sir cdc ham f(x), g(x) kha tich trén [a,b] va m < f(z) < M, Yz € [a,b], déng thoi
g(x) khéng déi diu trén [a,b]. Khi dé, tén tai i € [m, M] sao cho

b

/bf(ﬂﬂ)g(x)dx—u/g(x)dw.

Néu thém gia thiét f(x) lién tuc trén [a,b] thi 3c € [a,b] sao cho

b

/f(x)d:v—f(c)/bg(x)dx.

a
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Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Tich phan cac ham chan, lé

/f(:c)dx = 2/0 f(z)dz,  néu f(x) Ia ham chdn

0, néu f(x) 13 ham lé
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Tich phan xac dinh

Tich phan xac dinh

Tiéu chuan kha tich, tinh chit

Tich phan cac ham chan, lé

/ o= 2] 1®

0,

dr, néu f(x) Ia ham chin

néu f(x) 13 ham 1&

Tich phan Warllis
Véi n € N* thi

/2 /2 n— DT 4 I~
/ A %5, néu n chan

/Sin" zdx = /cosn zdr = ]| i

0 0 m7 néu n lé

T.M. Toan (SAMI-HUST) (Chuong 2: Tich phan

Ha N&i, thang 8 nam 2013




Tich phan xac dinh

Tich phan xac dinh

Cong thdc dao ham theo can, cong thitc Newton-Leibniz

Dinh ly 2.7

Néu f(x) kh3 tich trén [a,b] thi I(z) = / f(t)dt lién tuc trén [a,b].
Néu thém gi3 thiét f(t) lién tuc tai diém t = x € [a, b] thi ta c6

dl /
= =1 @) = f(@).
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Tich phan xac dinh

Cong thdc dao ham theo can, cong thitc Newton-Leibniz

Dinh ly 2.7

Néu f(x) kh3 tich trén [a,b] thi I(z) = / f(t)dt lién tuc trén [a,b].
Néu thém gi3 thiét f(t) lién tuc tai diém t = x € [a,b] thi ta c6

dl /
= =1 @) = f(@).

Chay 2.1

Trong trudng hop ca hai can bién thién ta cé

B(=z)
— [ f®)dt= £ (8@)) .8 (@) - £ (al@)) . (a)
a(x)
A,

Ha N&i, thiang 8 nam 2013 33 /64



Tich phan xac dinh

Cong thdc dao ham theo can, cong thitc Newton-Leibniz

Cong thi'c Newton-Leibniz

Néu f(z) 13 ham sb lién tuc trén [a,b] c6 F(z) 13 nguyén ham clia f(z) thi

ozennsy
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Tich phan xac dinh

Cong thdc dao ham theo can, cong thitc Newton-Leibniz

Cong thi'c Newton-Leibniz

Néu f(z) 13 ham sb lién tuc trén [a,b] c6 F(z) 13 nguyén ham clia f(z) thi

Vidul
2

(1) I:/\17m|dx [1];

0
o Iz/q/%dw 2.
0
AL ZAN
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Tich phan xac dinh
Cac phuong phap tinh tich phan xac dinh
Phudng phap déi bién sb

b
Xét I :/ f(z)dz, trong d6 f(x) 1a ham lién tuc trén [a, b].

N
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Tich phan xac dinh
Cac phuong phap tinh tich phan xac dinh
Phudng phap déi bién sb

b
Xét I :/ f(z)dz, trong d6 f(x) 1a ham lién tuc trén [a, b].

Dinh Iy 2.8

Xét x = p(t) thod man
® o(a) =a, ¢(B)="b

N
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Tich phan xac dinh
Cac phuong phap tinh tich phan xac dinh
Phudng phap déi bién sb

b
Xét I :/ f(z)dz, trong d6 f(x) 1a ham lién tuc trén [a, b].

Dinh Iy 2.8

Xét x = p(t) thod man
@ p(a) =a, »(B)="b;
° (t) lién tuc trén [, B];

N
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Tich phan xac dinh
Cac phuong phap tinh tich phan xac dinh
Phudng phap déi bién sb

b
Xét I :/ f(z)dz, trong d6 f(x) 1a ham lién tuc trén [a, b].

Dinh Iy 2.8
Xét x = p(t) thod man
@ p(a) =a, ¢(B)="b;
@ ¢ (t) lién tuc trén [a, B);
@ Khit bién thién trong [, 3] thi ©(t) bién thién trong [a,b].
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Tich phan xac dinh
Cac phuong phap tinh tich phan xac dinh
Phudng phap déi bién sb

b
Xét I :/ f(z)dz, trong d6 f(x) 1a ham lién tuc trén [a, b].

Dinh Iy 2.8
Xét © = p(t) thod man
@ p(a) =a, »(B)="b;
@ ¢ (t) lién tuc trén [a, B);
@ Khit bién thién trong [, B] thi o(t) bién thién trong [a,b].
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Tich phan xac dinh

Cac phuong phap tinh tich phan xac dinh

Phudng phap déi bién sb

b
Xét I :/ f(z)dz, trong d6 f(x) 1a ham lién tuc trén [a, b].

Dinh Iy 2.8

Xét © = ¢(t) thod man

@ p(@)=a, p(B)=0b

@ ¢ (t) lién tuc trén [a, B);

@ Khit bién thién trong [, B] thi o(t) bién thién trong [a,b].
Khi dé ta cé

b B
/ f(w)dz = / £ (1) & (B)dt.

T.M. Toan (SAMI-HUST) (Chuong 2: Tich phan Ha N&i, thiang 8 nam 2013 35/ 64



Tich phan xac dinh

Cac phuong phap tinh tich phan xac dinh

Dinh ly 2.9

Xét t = p(x) thod man

@ (x) bién thién don diéu trén [a,b] va cé dao ham lién tuc.
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Tich phan xac dinh

Cac phuong phap tinh tich phan xac dinh

Dinh Iy 2.9
Xét t = p(x) thod man
@ (x) bién thién don diéu trén [a,b] va cé dao ham lién tuc.

@ f(x)dz trd thanh g(t)dt, & dé g(t) lién tuc trén [p(a), p(b)].
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Tich phan xac dinh

Cac phuong phap tinh tich phan xac dinh

Dinh Iy 2.9
Xét t = p(x) thod man
@ (x) bién thién don diéu trén [a,b] va cé dao ham lién tuc.

@ f(z)dx tré thanh g(t)dt, 8 dé g(t) lién tuc trén [p(a), o(b)].
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Tich phan xac dinh

Cac phuong phap tinh tich phan xac dinh

Dinh ly 2.9

Xét t = p(x) thod man
@ (x) bién thién don diéu trén [a,b] va cé dao ham lién tuc.

@ f(z)dx tré thanh g(t)dt, 8 dé g(t) lién tuc trén [p(a), o(b)].
Khi dé ta cé

b #(b)
/f(:c)d:r:: /g(t)dt.
a »(a)
e
VI Y T VNIV R o1 2: Tich phan

Ha N&i, thdng 8 nam 2013 36 / 64



Tich phan xac dinh

Tich phan xac dinh

Cac phuong phap tinh tich phan xac dinh

Vi du 2
1 xT
(1) / \ﬁLidm {é In (2673 +4e 2 4 2) —In2+ 1} s
et +e 7T
P2 / rsinx ]
1+ cos?x 4 |’

o [ ¥ lu [s-1].
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Tich phan xac dinh

Cac phuong phap tinh tich phan xac dinh

Céng thifc tich phan titng phan
Cho cdc ham kha vi lién tuc trén [a, b]. Khi dé ta c6

b b

b
/udvzuv —/Udu.

a a
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Tich phan xac dinh

Cac phuong phap tinh tich phan xac dinh

Vidu 3
1
(1) /meﬂ”dm [72671 + 1};
/ sin(2x)dx [ (1—|—6377r):|;
0
anll }

(3 ) /(azfx) dz {aznﬂm ;

&l

0
T z — 1)
2 W(m ”)
m _ M — me..
(4] /:csm zdzx I—W/sm zdz = 22 (m— 1)l
0 0 27 ml

T.M. Toan (SAMI-HUST) Chuong 2: Tich phan

1é

Oo»

néumlas

néu m 13 s6 ch3n.
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NGi dung

e Tich phan suy rong
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Dinh nghia 3.1

e A
= / flx)dx = )iinw/f(x)dx = A]Lrnoo [F(A) — F(a)] = F(z)

trong dé F(x) I3 nguyén ham chia f(z) va ton tai Alim F(A) = F (+0); trong trudng
— 00
hgp nay ta ndi tich phan suy rong hdi tu; ngudc lai goi la phan ky.

Tuong tu ta ciing cé

a

] f(2)dw = tim / f2)dz = lim F(z)

M—— M——o0

M

= F(z)

—+o0

I
a

va - . e
[ t@iz= [ f@iz+ [ jao
—oo —oo a
~ T.M.Toan (SAMI-HUST) [G[NISIP M g IET Ha Nbi, thang 8 n3m 2013 41 / 64



Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Vidul
Tinh

* dx s
o M 2 {Z]
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Vidul
Tinh
*  dz s
o 1 1422 [Z]
*° arctan x m In2
bbbl oo 2.
o [ =ta [T+5]
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Vidul
Tinh

*  dz s
o 1 1422 [Z]

*° arctan x m In2

aretan @ , w o, WA,
o ["=u (5457

" dx "
(3] g a€R [hdity < a>1];

J1
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Vidul
Tinh
*  dz s
o 1 1422 [Z]
*° arctan x m In2
aretan @ , T may
o [" = ta [T+
> dx e
—, a€R [hoi tu <= a > 1];
1
= P 1
(4 ) Be " de {7}
Jo 2
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Céc dbu hiéu hoi tu

T.M. Toan (SAMI-HUST) (Chuong 2: Tich phan
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Céc dbu hiéu hoi tu J
Dinh ly 3.1

Gid st f(x) > 0 va kh3 tich trén [a, A], VA > a. Khi dé

+oo A
/ f(x)dx héi tu khi va chi khi 3L > 0 : /f(;c)dm < LVA.
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Tich phan suy réng

Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Dinh ly 3.2

(Dinh ly so sanh)
Gid str cac ham sb f(x) va g(x) lién tuc trong khodng [a,+00) va

0< f(z) < g(z), Vx> a.

Khi dé
+o0

“+ oo
o Néu / g(x)dx héi ty thi / f(z)dz hoi tu;

a a

+o0 +oo
o Néu / f(x)dx phan ky thi /g(z)dm phén ky.

a a

Y
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Tich phan suy réng

Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Hé qua 3.1

Gia sir cac ham sb f(x) va g(z) lién tuc, khdng 4m trong khoang [a, +o0) va

Khi dé

@ Néu 0 < k < +oo0 thi céc tich phan / f(x)dz va / g(z)dz cting héi tu hosc

cung phan ky;

flz) _

z=r+oo g()

—+o00 400

a a
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Hé qua 3.1
Gia sir cac ham sb f(x) va g(z) lién tuc, khdng 4m trong khoang [a, +o0) va

flz) _

z=r+oo g()
Khi dé
+oo +oco
@ Né&u 0 < k < +oo thi cic tich phan / f(z)dz va / g(z)dz cung hdi tu hodc

a

cung phéan ky;

+oco “+oco
@ Néu k=0 va / g(z)dz hdi tu thi / f(z)dx hoi tu;
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Hé qua 3.1
Gia sir cac ham sb f(x) va g(z) lién tuc, khdng 4m trong khoang [a, +o0) va

flz) _

z=r+oo g()

Khi dé

+oo +oco

@ Né&u 0 < k < +oo thi cic tich phan / f(z)dz va / g(z)dz cung hdi tu hodc
cung phéan ky;
+ oo + oo
@ Neuk=0wvd / g(z)dz hdi tu thi / f(z)dz hdi tu;
+oo +oo

@ Néu k = +o0 va / g(z)dx phan ky thi / f(z)dz phan ky.

a

a
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Vi du 2
Xét su hoi tu

o/ L2 5 [ Phan ky];
J1

zt+1
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Tich phan suy réng

Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Vi du 2
Xét su hoi tu
001+$3
d
o/1 A1
" In (1 4 22
e/ In{+a%),, [ Phan ky];

J1 7

[ Phan ky};
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Tich phan suy réng

Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Vi du 2

Xét su hoi tu

001+$3 . .
/ x4+1da¢ [Phan ky};

oo 2
e/ m(t+al) [ Phan ky];
1 x

z0dx

, Hoi tu|;
o./o (z + 23 + 22 + 1)° [ }
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Tich phan suy réng

Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Vi du 2

Xét su hoi tu

001+$3 . .
/ x4+1da¢ [Phan ky};

Q/OOMM [ Phan ky];

Ide

0/ x4+x3+x2+1)3
o / __ [H8i t].
- (Inx) z (Inz)”?

[Héi tu] :
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Tich phan suy rong

Tich phéan suy rong vdi can vé han (loai 1)

Dinh ly 3.3

(Dinh ly vé su hoi tu tuyét déi)
+oo

—+oo
Néu / |f(x)| dz héi tu thi [ f(x)dx héi tu, trong trudng hgp ndy ta ndi / f(z)dx

a

héi tu tuyét dbi.

T.M. Toan (SAMI-HUST) (Chuong 2: Tich phan

Ha N&i, thiang 8 nam 2013 47 / 64



Tich phan suy rong

Tich phéan suy rong ctia ham khéng bi chan (loai 2)

Dinh nghia 3.2
Gia sir ham f(z) xac dinh trén khoang [a, b) va limb f(x) = oo (b 13 diém bht thudng).
r—>
Néu F(x) I1a nguyén ham clia f(z), tdn tai lim F(b—¢), &> 0dibé th tich phan
E—
suy rong loai hai hoi tu va ta c6

b—e
b—e

/f m—hm f()CL‘Ih_IZI(l)F(JS) ;

a

trudng hop ngudc lai goi la phan ky.
Tuong tu ta ciing ¢6 khi f(z) — oo tai z = a (a 13 diém bit thudng)

b
f )dx = hm f )dx = lim F(x) .
e—0 a+te
a+a
orennsy
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Tich phan suy rong

Tich phéan suy rong ctia ham khéng bi chan (loai 2)

Dinh nghia 3.2 (tiép)

Trong trudng hop ham f(x) ra vé han tai z = a va x = b.

jf(m)dz—jf(x)dx+/f(x)dw.

Tich phan suy réng & v& trai hdi tu khi va chi khi ca hai tich phan suy réng & vé& phai
héi tu.
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Tich phan suy réng

Tich phan suy rong

Tich phéan suy rong ctia ham khéng bi chan (loai 2)

Dinh ly 3.4

(Dinh ly so sénh)

Gi3 st ham sb f(z) va g(x) lién tuc trén [a,b), tai z = b ham f va g ra vé han va

0< f(z) < g(z), Vz € [a,b).
Khi dé

b b
) néu/ g(x)dz héi tu thi/ f(z)dz héi tu;

b b
o néu/ f(z)dz phan ky thi/ g(x)dx phan ky.
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Tich phan suy rong

Tich phéan suy rong ctia ham khéng bi chan (loai 2)

Hé qua 3.2
Gia sir cac ham sb f(x) va g(z) lién tuc, khdng am trong khoang [a, b] va

f(x)

lim ——= =k
el g(x)

Khi dé

b

b
@ Néu 0 < k < 400 thi cac tich phan /f(z)d:v va /g(at)dm cting hdi tu ho3c cung

a a

phan ky;
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Tich phan suy rong

Tich phéan suy rong ctia ham khéng bi chan (loai 2)

Hé qua 3.2
Gia sir cac ham sb f(x) va g(z) lién tuc, khdng am trong khoang [a, b] va

f(x)

lim ——= =k
el g(x)

Khi dé
b

b
@ Néu 0 < k < 400 thi cac tich phan /f )dx va /g )dx cung hdi tu hodc clng

phan ky;

b
@ Néuk=0va /g(a;)dm hoi tu thi /f(m)da: hoi tu;

a
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Tich phan suy rong

Tich phéan suy rong ctia ham khéng bi chan (loai 2)

Hé qua 3.2
Gia sir cac ham sb f(x) va g(z) lién tuc, khdng am trong khoang [a, b] va

f(x)

lim —= =k
el g(x)
Khi dé
b b
@ Néu 0 < k < 400 thi cac tich phan /f(x)dav va /g(x)dx cting hdi tu ho3c cung

phan ky;
b b
@ Néu k=0va /g(m)dm héi tu thi /f(m)d:c héi tu;

b b
@ Néu k = +oo v /q(i)di phan ky thi /}‘(z)cbc phan ky.

a

a
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Tich phan suy réng

Tich phan suy rong

Tich phéan suy rong ctia ham khéng bi chan (loai 2)

Dinh Iy 3.5
(Dinh ly vé hoi tu tuyét dbi)
b b
Néu / |f(x)| dz héi tu thi/ f(x)dx héi tu, trong trudng hgp ndy ta néi tich phan

b
suy réng (tai b) / f(z)dz héi tu tuyét dbi.
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Tich phan suy rong

Tich phéan suy rong ctia ham khéng bi chan (loai 2)

Cha y 3.1
Khi xét su hdi tu hay phan ky cla tich phan suy réng, thudng st dung céc dénh gid sau:
@ D&i véi tich phan suy réng loai 1:
Néu f(z) > 0 la v6 cling bé bac A > 0 khi 2 — +oo thi so sanh véi ac% Néu

“+oo
A > 1 thi / f(z)dz hdi tu va phan ky khi A < 1.

@ Déi véi tich phan suy réng loai 2:
Néu f(x) >0 13 v6 cung I6n bac A > 0 khi z — b (suy réng tai can trén), thi so

b
sénh vdi ﬁ Néu X\ < 1 thi / f(z)dz héi tu va phan ky khi A > 1.
- ;
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Tich phan suy rong

Tich phéan suy rong ctia ham khéng bi chan (loai 2)

Vidu 3

Xét su hdi tu clia cac tich phan
1
Iz e
————dx |Hbi tul;
0 [ i Wi

1
d .
9/0 ﬁ [Hol tu};

(8 M [H(’ji tu] :

esinz -1

0/ df [Héi tu <—k < 1].
0

sin® x

/
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Tich phan suy rong

Chii y 3.2

Khi ham f c6 diém bAt thudng 13 a thi ta phan tich

?f(x)d:r = /bf(x)da: + ]Of(m)d:c
a b

a

khi dé tich phan suy rong & v& trai hdi tu khi va chi khi ¢ hai tich phan & vé& phai cling
héi tu.

N
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Tich phan suy rong

Cha y 3.2
Khi ham f c6 diém bAt thudng 13 a thi ta phan tich

?f(x)d:r = /bf(x)da: + ]Of(m)d:c
a b

a

khi dé tich phan suy rong & v& trai hdi tu khi va chi khi c3 hai tich phan & v& phai cliing
héi tu.

Vi du 4

Xét su hdi tu clia cac tich phan

*  dx N sin(z A
(1) / e/ﬁi [hol tu]. (3] / \/ﬁd:c [h(_)l tu].
Q / 41 — da: [héi tu};
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ng dung cda tich phan xac dinh

NGi dung

e Ung dung chia tich phan xac dinh
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L’l’ng dung cua tich phan xic dinh

Ung dung cia tich phan xac dinh
Tinh dién tich hinh phing

Dudng cong trong toa do Descarter
@ Dién tich cta hinh thang cong gidi han bdi cdc dudng
b
y= f(x), y=0, x =a, x = b dugc tinh bdi céng thic S = / |f(x)| dz.
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L’l’ng dung cua tich phan xic dinh

Ung dung cia tich phan xac dinh
Tinh dién tich hinh phing

Dudng cong trong toa do Descarter
@ Dién tich cta hinh thang cong gidi han bdi cac dudng
b
y= f(z), y=0, x = a, x = b dugc tinh bdi céng thic S = / |f(x)| dz.

@ Trudng hop hinh phing gidi han béi cic dusng y = f(z), y = g(z), z =a, = = b:

b

5= [1#() - g(@) da.

a
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L’l’ng dung cua tich phan xic dinh

Ung dung cua tich phan xac dinh

Tinh dién tich hinh phing

Dudng cong trong toa do Descarter
@ Dién tich cta hinh thang cong gidi han bdi cac dudng

b
y= f(z), y=0, x = a, z = b dugc tinh bdi cdng thiic S:/ |f(x)| dz.

@ Trudng hop hinh phing gidi han béi cic duong y = f(z), y = g(z), z =a, = = b:

= /|f 2)| de.

@ Trudng hop hinh phing gidi han bdi cac dudng = = a(y), z = 8(y), y=c¢, y = d:

d

5 = [ latv) - 8(u)] dy.

c
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U’ng dung cda tich phan xac dinh

Ung dung cia tich phan xac dinh
Tinh dién tich hinh phing
Vidul

, 1
Tinh dién tich hinh phang gidi han bdi cic duong y = s y=0,x=1, x =3.
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U’ng dung cta tich phan xdc dinh

Ung dung cia tich phan xac dinh
Tinh dién tich hinh phing

Vi du 2
Tinh dién tich hinh ph3ng giéi han bdi cic dudng y = x(z — 1)(z — 2) va truc Oz.

D

Ta c6

= /1f(x)d:c+/2(f(x))d:c — %
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L’l’ng dung cua tich phan xic dinh

Ung dung cia tich phan xac dinh
Tinh dién tich hinh phing

Dudng cong cho duéi dang tham sé

sz =zt
Trudng hgp dudng cong cho dudi dang tham sb { ( ; , a<t<fBtachd

<
I
<

N

=
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U’ng dung cta tich phan xdc dinh

Ung dung cia tich phan xac dinh
Tinh dién tich hinh phing

Dudng cong cho duéi dang tham sé

sz =zt
Trudng hgp dudng cong cho dudi dang tham sb { ( ; , a<t<fBtachd

<
Il
<

~

=

Vidu 3

Tinh dién tich hinh giéi han bdi dudng cong (ellipse)
x =acost, y=bsint, 0 <t <27 (a,b>0).
Ta cé

27
Si= / |bsint. (—asint)|dt = mwab.
0
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lll'ng, dung cua tich phan xic dinh

Ung dung cua tich phan xac dinh

Tinh thé tich

@ Thé tich vat thé c6 thiét dién thing gbc véi Oz véi dién tich S(x), a < z < b:
b
V= /S(x)da:.

Tuong tu, néu vat thé cé thiét dién thing géc véi Oy véi dién tich
S(y), e<y < d:

d
V:/S(y)d.u
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L’l’ng dung cua tich phan xic dinh

Ung dung cia tich phan xac dinh
Tinh thé tich

@ Thé tich vat thé tron xoay tao ra khi quay hinh gigi han béi
y=vy(z), y=0, x =a, z = b quanh truc Oz Ia

/b ) da.
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Ung dung cta tich phan x4c dinh

L'J'ng dung cua tich phan xac dinh

Tinh thé tich

@ Thé tich vat thé trdn xoay tao ra khi quay hinh gidi han bdi
y=y(x), y=0, z =a, x = b quanh truc Oz 13

@ Thé tich vat thé tron xoay tao ra khi quay hinh gigi han bdéi
z=uz(y), x =0, y =c¢, y = d quanh truc Oy I3
d
V=n /[w(yﬂ2 dy.

c
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Ung dung cta tich phan x4c dinh

L'J'ng dung cua tich phan xac dinh

Tinh thé tich

@ Thé tich vat thé trdn xoay tao ra khi quay hinh gidi han bdi
y=y(x), y=0, z =a, x = b quanh truc Oz 13

@ Thé tich vat thé tron xoay tao ra khi quay hinh gidi han bdéi
z=z(y), =0, y=c¢, y=d quanh truc Oy |a
d
V=r [ o) dy.
@ Thé tich vat thé tron xoay tao ra khi quay y = y(z), y =0, x = a, z = b quanh
truc Oy con c¢6 thé dugc tinh theo cdng thiic

b
V=2r / xy(z)dx.
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L’l’ng dung cua tich phan xic dinh

L'J'ng dung cua tich phan xac dinh

Tinh dién tich mat tron xoay

@ Dién tich mit tron xoay tao ra khi quay y = y(z), a <z < b quanh truc Ox:

6—27r/|q 1+[u()]dw.
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L’l’ng dung cua tich phan xic dinh

L'J'ng dung cua tich phan xac dinh

Tinh dién tich mat tron xoay

@ Dién tich mit tron xoay tao ra khi quay y = y(z), a < z < b quanh truc Oz:

b
s=2r [ @)1+ @)

@ Dién tich mit tron xoay tao ra khi quay = z(y), ¢ < y < d quanh truc Oy:

S:Qw/\x(yﬂ 1+ [/ (y))*dy.
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lll'ng dung cua tich phan xic dinh

Ung dung cua tich phan xac dinh

Tinh dién tich mat tron xoay

@ Dién tich mit tron xoay tao ra khi quay y = y(z), a < z < b quanh truc Oz:

b
s=2r [ @)l y/1+ @) do

@ Dién tich mit tron xoay tao ra khi quay = z(y), ¢ < y < d quanh truc Oy:
b
s =2r [ olw)| 1+ [ w)dy
a

sz =zt
@ Trudng hgp dudng cong cho dudi dang tham s6 {T r((f) , a<t< B quay
y =yt
quanh truc Ox:

Aaw/w VI OF + [y 0.

B
Néu quay quanh truc Oy : S = 2w / lz(t)] /[ ()] + [y (t)]*dt.
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lll'ng dung cua tich phan xic dinh

Ung dung cia tich phan xac dinh
Tinh d6 dai cung
@ Gid st cung AB dudgc xé4c dinh bdi phuong trinh y = y(z), a < z < b, déng thai
y' () lién tuc trén [a, b]. Khi dé ta cé

b

(= / 14 [y (x)]*de.

a
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L’l’ng dung cua tich phan xic dinh

L'J'ng dung cua tich phan xac dinh

Tinh d6 dai cung

@ Gid st cung AB dugc xé4c dinh bdi phuong trinh y = y(z), a < z < b, ddng thai
y'(z) lién tuc trén [a,b]. Khi dé ta cé

b
¢ = / 1+ [y (x)d

@ Trudng hop dudng cong cho duéi dang tham s6 = = z(t), y = y(t), a <t < f§ thi

ta cé
B
= [V or + ok
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Ung dung cta tich phan x4c dinh

Ung dung cia tich phan xac dinh
Tinh d6 dai cung

@ Gid st cung AB dugc xé4c dinh bdi phuong trinh y = y(z), a < z < b, ddng thai
y'(z) lién tuc trén [a,b]. Khi dé ta cé

b
¢ = / 1+ [ () da.

@ Trudng hop dudng cong cho dudi dang tham sb = = 2(t), y = y(t), o < t < S thi

ta cé
B
t= [VieoF + o

© Trudng hop dudng cong trong toa dé cuc: r =1 (p), a < p < f:
s
2 ; 2
= [P+ (e
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