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CHUONG 1

MA TRAN - DINH THUC

§1. DPINH THUC

1.1 Cac tinh chat co ban cua dinh thuc
Dinh thic ctia mot ma tran vuong A = (a;)7 cap n 1a tong luan phién

Z(_l)aala(l)aZU(Z) < Apg(n)s

(o
6 d6 tong trén dudc 1ay qua tat ca cac phép hoan vi o € S,,. Pinh thiic cia ma tran A dudc
ki hiéu 1a det A hodc |A|, néu det A # 0 ta n6i A 1a ma tran kha nghich (khong suy bién).
Cac tinh chat sau day thuong dudc st dung dé tinh dinh thic cia mot ma tran. Cac ban
c6 thé kiém chiing hoac chiing minh chiing mot cich dé dang.

1. Néu d6i chd hai hang (hoic hai cot) cia ma tran A thi dinh thitc ctia né d6i dau. Néi

riéng, néu ma tran A cé hai hang (cot)giéng nhau thi det A = 0.
% P A . . % . A C
2. Néu A, B va C la cac ma tran vuong cung cap thi det 0 8= det A.detB.

n .. N
3. detA = Y (—~1)""/M;, & d6 M;; la dinh thitc ciia ma trén thu dugc tit A bang cach bd
i=1
di hang thi i va cot thi j cia né. Cong thitc nay con duge goi la cong thiic khai trién
dinh thiic theo hang. Cac ban c6 thé tu viét cong thitc khai trién dinh thic theo cot

mot cach tuong tu.
)L1061 + ‘I/llﬁl aip ... Aan X1 dip ... Aapn ﬁl aip ... din
' ' =l  e] ‘

Anan + VH,BTZ anZ . e ann lxn anz e ann ‘Bn anz e ann

4.
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5. det(AB) = det A detB.

6. det(AT) = detA.

1.2 Cac dinh thic dac biét
Pinh thic Vandermonde

Ma tran Vandermonde cap n la ma tran vuéng cap n c¢6 dang

1 1 - 1 1
a ay ... a4, , 4a,
2 2 2 2
Vi(ai, az, ..., an) = a7 ag ... @y g Oy

n—1 n—1 n—1 n—1

| af a, an_; ap |
Pinh 1y 1.1. Chiing minh riang detV,(aj,az,...,a,) = |1 (aj —a;). Tix do suy ra hé
1<i<j<n

Vu(ay,a, ...,a,).X = 0 chi c6 nghiém tam thuong khi va chi khi ay,a,...,a, déi mét phan
biét.

Mot ting dung thu vi cia dinh thic Vandermonde la bai toan sau:
Bai tap 1.1. Cho A 1a mét ma tran vuéng cap n. Khi do
A"=0str(AF) =0,k=0,1,2,...,n

Chiuing minh. Néu A" = 0 thi A 12 mot ma tran liy linh, do dé A chi ¢6 céc tri riéng
bang 0, nén A* ciing chi ¢6 céc tri riéng bang 0 véi moi k. Suy ra diéu phai chitng minh.
Gia st cac gia tri riéng cia A 1a Ay, Ay, ..., A, Khi dé tit tr(A%) =0,k =0,1,2,...,nta
c6 hé phuong trinh: )

M+A+...+A, =0

M4 A2 4. . +A2=0
. " (1.1)

MM+ A =0
hay
V(A1 Az, oo An) (A, Mg, .o AT =0

Ta sé ching minh tat ca cac gia tri riéng cia A bang nhau. That vay:
Néu A; d6i mot phan biét thi dinh thic Vandermonde khac khéng, hé phuong trinh trén
chi ¢6 nghiém duy nhat Ay, Ay,..., A, = 0. Mau thuan.
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Ngudc lai, khong méat tinh tong quat, gia st Ay = A, va khong mot gia tri A; con lai nao
bang nhau. Khi d6 hé phuong trinh dudc viét lai duéi dang

Vic1i(Ag, . An) (20, .., AT =0

Lap luan tuong tutacé A, = ... = A, = 0, mau thuln.
Vay tat ca cac tri riéng ctia A bang nhau va do d6 bang 0. [

det V,,(k1, ko, ..., k)

Bai tap 1.2. Chitng minh réng vdi cdc s6 nguyénk, < k, < ... < k, bat ki thi
: detV,(1,2,...,n)

la moét so nguyén.

Bai tap 1.3. Cho W la ma tran co duoc tir ma tran V = V, (a1, ay, ..., a,) bang cach thay

hang (a¥1,a371, ..., a"~Y) bi hang (al,a},...,a}). Ching minh rdang

detW = (ay +ay + ... +a,) det V.

Bai tap 1.4. Chiing minh rang

1 1 . 1 1
al az DY an_l an
det ; : : : = (—1)”_1.det Vu(ay,az, ..., a,)
n—2 n—2 : n—2 n—2
I/'ll az : an_l a,
i aras...dy ai1as...ay ... A142..0y-204 A102...05—1 i
Chiuing minh. e Néuay,ay,...,a, # 0thinhan cot thit nhat véiaq, cot thid hai véiay, . ..,
cot thi n véi a, roi chia cho aja; . . . a, ta dudc i
1 1 . 1 1
1, a, . a, 4 a,
det :
n—2 n—2 : n—2 n—2
I/'ll az : an_l a,
_a2a3...an a1as...ay ... aA102...04_20y alaz...an_l_
ai an N/ P | ayn
2 2 2 2
aj a; ... oan,_q ay
1 ) .
= ——.det : :
aidp ...a
1%2 " an—l an—l an—l a1
1 2 n—1 “n
1 1 1 1

= (=1)*1.detV,(ay,az, ..., a,)

e Truvng hop cé it nhat mot trong cac sb a1, ay, . . ., a, bang 0 (xét riéng).
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Bai tap 1.5. Cho fi(x), f2(x), ..., fa(x) la cac da thitc bac khong qua n — 2. Chiing minh

rang voi moi so ay,ay,...,4, ta co

fi(a) fi(a2) fi(an)
fa(ar)  falaz) fa(an) 0
fa(ar) fu(az) ... fu(an)
Chung minh. Gia st fi(x) = bijg + bjyx + ... + b; ,_ox" 2 thi
fl(al) fl(ﬁlz) fl(an) blO b11 bl,n—Z 0 1 1 1 1
fz(al) fz(ﬁlz) fz(an) _ b20 b21 bZ,n—Z 0 a1 ar N/ o | an
fu(ar) fu(az) ... falan) bpoo b1 - bpp—2 O a?‘l ag_l aZj a1

Tt d6 ta c6 diéu phai ching minh. [
Bai tap 1.6. Cho A = [a;] va fi(x) = a1; + apix + ... + ayx" ! vdi i = 1,n. Ching minh
rdng

filx1) filx2) .. fi(xn)
fa(x1)  fa(x2 fa(xn)

~—

= det A.V,,(x1, x2, ..., Xp)

fu(x1) fa(x2) oo fu(xn)

Chiung minh. Tuong tu nhu bai ?? ta co

f1 (Xl) f1 (XQ) .. f1 (xn) anl a1 ... Ap-1 An 1 1 .. 1 1
fa(x1) fa(x2) ... fa(xu) | |421 422 ... Gap—1 a2 X1 X2 ... Xp—1  Xn
fu(x1) fu(x2) oo fulxn) Apl A2 .. App—1 Ann xg’_l xg_l ... x;’j xi—1

Suy ra diéu phai chiing minh.

Bai tap 1.7. Chung minh rﬁng viiky, ky, ..., ky 1a cdc sé tw nhién khdc nhau vaay,as, ..., a,
la cac s6 duong khac nhau thi

[ 1 1 1 1
k ko kK K
det | ay®> ay> ay® ... af | #0
I allcn alén algn al;ln
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Pinh thuc Cauchy

Ma tran Cauchy la ma tran vudng cap n, A = (aij), 6 d6 a;; = x,+y] Bang phuong phép

quy nap, ta sé chiing minh

i i(xi — %) (yi — v))

det A =
Hi,]-(xi + x]')

Trudc hét 14y méi cot tit 1 dén n — 1 tru di c6t cubi cung, ta dudc

ali = (xi+ ) = i+ yn) T = (Y —y) (K yn) T (it yy) T V6 £

Dua nhan ti (x; + y,) "' 6 m6i hang, va y, —y; 6 mbi cot trit cot cudi cung ra khéi dinh
thiic ta sé thu dugc dinh thic |b;; ?,]-:1, 6 d6 b;; = a;; v6i j # nva b, = 1.

Tiép theo, 1ay méi hang tit 1 dén n — 1 tri di hang cudi cung. Pua nhan ti x, — x; 6
mbi hang trit hang cubi ciing, va nhan tit (x,, + y]')_1 6 moi cot trit cot cudi cung, ta sé thu
dudc cong thitc truy hoi dinh thitc Cauchy cap n qua cap n — 1.

Pinh thuc Frobenius

Ma tran c6 dang

0 1 0 0
0 1 0 0
0O 0 0 ... 1

o 0o 0 ... O 1
ap a1 dp ... Ay—2 Ay

dudc goi 1a ma tran Frobenius, hay ma tran ban cta da thic
p(/\) = A"~ an—l)\n_1 - an—z)\n_z —...—4qp.

Khai trién dinh thitc Frobenius theo hang thi nhat, cac ban c6 thé dé dang thu dudc cong
thic sau:

det(Al — A) = p(A)
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Pinh thic cua ma tran ba dudng chéo

Ma tran ba duong chéo la ma tran vuong | = (ai]-)?jzl, 6 d6 a;; = 0 véi |i —j| > 1. Dat

a; = a;;, b; = a;;11,¢; = aj41;, ma trén ba duong chéo khi do c6 dang:

ap by o ... 0 0 0
cg a by... 0 0 0

0 (8)) as . 0 0 0
0 0 0 . Ay—2 bn_z 0
0 0 0 ... ¢cpo ay_1 by
0 0 0 . 0 cy1 ay

Khai trién dinh thic ciia ma tran trén theo hang thi k, ta dude
ANy = ap A1 — by_1ck Do V6L k > 2, 6 d6 A = det(ai]')i-‘,jzl.

Cong thitc truy hoi trén da khang dinh rang dinh thiic A, khéng nhiing chi phu thudc vao
cac sb b;, ¢j ma con phu thudc vao b;c;. Trong truong hgp dac biét, ki hiéu

ap 1 o ... O 0 0
-1 a 1... 0 0 0
0O -1 a3 '-. O 0 0
(a1...an)] . ) )
0 O 0O . a,» 1 0
0 O o ... =1 a, 1 1
0 O o ... 0 -1 ay
ta c6 cong thiic truy hoi thong qua lién phan s6 sau:
ajay...a 1
W P —

a3+ ——

un,1+ﬁ

Pinh thitc ctia ma tran khéi

Al Anp
Ay Az
ung. Pat D 13 mét ma tran vudng cip m va B 1a ma tran ¢6 n x m.
Dinh ly 1.2.

Giastt A = ( ) ,8d6 A1l va A2 1a cac ma tran vudéng cap m va cip n tuong

DAy1 DAy

An A 14
Ay Ax

_ |D|.|A]| va _
Azl +BA11 Axp +BAp
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1.3 Bai tap
Bai tap 1.8. Cho A la mét ma tran phan xiing cap n 1é. Chitng minh rang det A = 0.

Bai tap 1.9. Chiing minh rang dinh thiic ciia mét ma tran phan xiing cap n chan khong
thay doi néu ta cong thém vao méi phan tit ciia né vdi mét sé cé dinh.

Bai tap 1.10. Tinh dinh thiic ciia mét ma tran phan xiing cip 2n chin théa man tinh
chat cac phan tit ¢ trén duong chéo chinh bang 1.

Bai tap 1.11. Cho A = (a;)};_,, vdia;; = alJ|. Tinh det A.
1 -1 0 0
<. n x h -1 . . .
Bai tap 1.12. Cho A3 = 2 . va A, duodc dinh nghia tuong tu chon > 3.
X X —
x> hx? hx h
Chiing minh rang A, = (x + h)".

Bai tap 1.13. ChoC = (Ci]')?,jzl’ vOi Cij = . Tinh det C.

X; néui=j

Bai tap 1.14. Choa;; 1 = ¢; voii = 1,...,n, cac phan ti khdc ciia ma tran A bang 0.
Chiing minh rang dinh thiic ciia ma tran 1 + A + A> + ...+ A" ! bang (1 —c¢)"1, vdi
cC=01...Cp.

Bai tap 1.15. Tinhdet(a;)},_;, vdia; = (1 - xy;) "

Bai tap 1.16. Tinh

1 oxg oo 272 (ot x+...+x,)" !
1 x, ... xﬁ_z (x1+x2+... —i—xn_l)”_l
Bai tap 1.17. Tinh
1 x; ... x?_z X0X3 ... X
1 x, ... xZ_z X1Xp ... Xp_1

Bai tap 1.18. Tinh |ay |l , vdiay = AP K1+ A2)E,

Bai tap 1.19. Choa;; = C;” Chiing minh rang |aij|; = n" /2 yhir < .
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1 . .
— viiki+7—1>0
Bai tap 1.20. Choky,...,ky € Z, tinh |aij|}, d doa;; = { ®H" i
0 voiki+j—i<0

Bai tap 1.21. Chos; = p1xX + ...+ puxX, vaa; ; = s;. ;.. Ching minh rang
: P1Xq PnXy J +J
aijlg " = P pallisj(xi — x))*.

Bai tap 1.22. Chos = x% + ...+ xk. Tinh

50 51 . | 1

51 52 .. Sn y
n

Sn Sp+1--- Son— Y

Bai tap 1.23. Choa;j = (x; +y,)". Chung minh rang

|aijlo = C1Co - .. Cullinge (i — xi) (Wi — vi)-
Bai tap 1.24. Chob;; = (—1)""/a;;. Chung minh rang |aij|} = |bij|}.
Bai tap 1.25. Cho A, (k) = |ayl , 6 doa;; = C5'. Ching minh ring

k(k+1)...(k+n—1)
13...2n—1)

An(K) = Ap_1(k—1).

Bai tap 1.26. Cho D, = |aij|j, d doa;; = Cy; . Chiing minh rdng D, = 2n(n+1)/2,

A A A . By B 0 as .
Bai tap 1.27. Cho A = W2 paB = 1P , 0do Aq1,B11, A, By la cac ma
Ay Ax By B

tran vuéng cung cdp va rank Aj; = rank A, rank By, = rank B. Chiing minh réng

A1 Bno
Az By

Al A

= |A+ B|.|A11].| B
By1 By
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§2. PINH THUC CON VA PHAN PHU DAI SO

2.1 Cac dinh nghia va tinh chat

Pinh nghia 1.3. Ma trdn ma cdc phan tit ciia né la giao ciia p hang va p cot cia ma tran
vuéng A duoc goi 1a ma tran con cap p cua A. Dinh thic tuong ing dugc goi la dinh thic

; ; ailkl ai1k2 cen ailkp
Al 7 P =] s
kl oo kp

aipkl Ell'pk2 aipkp

con cap p. Ki hiéu

Néuiy =ky,.. .,1p = kp thi dinh thiic con dudc goi la dinh thiic con chinh cap p.

DPinh nghia 1.4. Dinh thiic con khac 0 co bac cao nhat duoc goi 1a dinh thiic con co s6 va
cap ciia no dudc goi 1a hang ciia ma tran A.

. p iy o . . NP .

Pinh 1y 1.5. Neu A ( ! kp> la moét dinh thiic con co sd cua A, thi cac hang cia ma
1 .« p

tran A Ia té hop tuyén tinh cia cdc hangiy, ..., iy cua no, va cac hangiy, ..., i, nay doc lap

tuyén tinh.

Hé qua 1.6. Hang cua mot ma trdn bang sé cdc hang (cdt) doc Iap tuyén tinh Ién nhat
cua no.
Dinh ly 1.7 (Cong thuc Binet - Cauchy). Gid sit A va B la cac ma trdn c¢é n x m va

m X n tuong ung van < m. Khi do

det AB = Z Aklmkanl“'k”,

1<k <ky<...<kp,<m

0 do Ay, ..k, 1a dinh thifc con thu dugc tir cc cotky, ..., k, cua A va Bk Ja dinh thie con
thu dugc tir cac hangk,, ..., k, cua B.

Ki higu A;; = (_1)i+le,],’ 6 d6 M;; 1a dinh thic cia ma tran thu dugdc ti ma tran A bang
cach bo di hang thi i va ¢t thi j, né dude goi 12 phan bu dai sb ctia phan ti a;j. Khi d6 ma
tran adj A = (Ai]-)T dudc goi 1a ma tran lién hgp ciia ma tran A. Ta c6 cong thiic sau:

A.adj(A) = det A.T

DPinh 1y 1.8. Todn tiradj c6 cdc tinh chat sau:
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1. adjAB = adjB.adj A

2. adjXAX ! = X(adjA)X !

3. Néu AB = BA thi (adjA)B = B(adj A).
Pinh ly 1.9.

Ann ... Ay Apiipr1r - Aprin
: = AP U
Apl . e App An’p+1 “ e Ann

Hé qua 1.10. Néu A la ma tran suy bién thi rank(adj A) < 1.

Pinh 1y 1.11 (Jacobi). Gidstl < p < n vic = (1,1 ;{) 14 mot phép hodn vi bét
Ji .- n
ki. Khi dé
Apjy - Ailfp Aip+1/jp+1 Aip-‘rl/jﬂ
: = (-1)7|A]P~1 :
Aipjl Ai}?j}? Ainrjp+1 Ainjn

DPinh 1y 1.12 (Chebotarev). Cho p 1a mét s6 nguyén té va e = exp(27i/p). Khi do tat ca
cdac dinh thic con cua dinh thiic Vandermonde (a,-j)fi;lo la khdc khong, 6 do a;; = el

Pinh ly 1.13 (Cong thitc khai trién Laplace). Cé dinh p hang iy, iy, ..., i, cia A vii
i <iy<...<ip Khids

det A — y (_1)*a <i1 ip> A(i,,H i,q)/
<o fprfip1 <o g <o Ju. - Jp Jp+1 -+ In
GdGi=ir+...4ipj=j1+.. +]jp

Dailugng (—1)T/A (l,pH o ln) dudc goi 1a phan bu dai s6 ctia dinh thiic con A (ll
Jp+1 -+ Jn n

2.2 Bai tap
Bai tap 1.28. Cho A la mét ma tran vuéng cap n. Chiing minh rang

n
A+ AL =A"+ Y SAn K,
k=1

J do Sy 1a tong ciia tat ca C} cdc dinh thifc con chinh capk cia A.
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Bai tap 1.29. Chiing minh rang

ain ... dp X1
vdots
= — ) XA,
anl .« ann xn 1,]
Vi oo Yn 0

ddo Ajj la phan bu dai s6 cia phan tit ajj.

Bai tap 1.30. Chung minh rdng téng cua cdc dinh thic con chinh cap k cia ATA bang
tong binh phuong cac dinh thiic con chinh cap k ciia A.

Bai tap 1.31. Cho A, B la cdc ma tran vuéng cap n. Tinh

-1

O O ~
~ T 0O

A
I
0

Bai tap 1.82. Tim mét vi du mét ma tran vudng cap n ma cdac phan bu dai sé ciia no déu
bang 0, ngoai trir phan ti ndm é hangi va cét j.

Bai tap 1.33. Cho x vay la cdc cot co do dai n. Chiing minh rang

adj(I — xy)T = xy" + (1 —y 2L

Bai tap 1.34. Cho A la mot ma tran phan xing. Chiing minh rdng adj(A) la mét ma tran
phan xitng néu n 16 va doi xiing néu n chdn.

Bai tap 1.85. Cho A la mét ma tran phén xiing cip n vdi cdc phan tit trén duong chéo
chinh bing 1. Tinh adj A.

Bai tap 1.36. Tim tat c4 cdc ma tran A co cac phan tit khéng 4m sao cho tat ca cdc phan
tif cia ma tran A~! ciing khéng 4m.

Bai tap 1.37. Choe = exp(2mi/n) va A = (a;j)} vdia;j = €. Tinh A~1.

Bai tap 1.38. Tim ma tran nghich ddo cua ma tran VandermondeV .
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§3. PHAN BU SCHUR
3.1 Cac dinh nghia va tinh chat

A B . .
Cho P = (C D) la mo6t ma tran khoi, 6 d6 A, D 1a cac ma tran vuéng. Pé tinh dinh

thiic cia ma tran P, ta c6 thé phan tich P duéi dang sau:

A BY [(AO0\(I Y\ [A AY (1.2)
c bp) \c1)\o X/ \C cr+Xx ‘
Néu A 12 mét ma tran kha nghich thi cac phuong trinh B = AY va D = CY + X ¢6 nghiém

lanlugtlaY = A" '1Bva X =D — CA"!B.

Pinh nghia 1.14. Ma tran D — CA~'B dudc goi 1a phan bu Schur ciia ma tran kha nghich
A trong P, va dugc ki hiéu la (P|A).

Dé dang nhan thiy rang
detP = det Adet(P|A).

(A AY >:<A o) (1 Y)/ 13)
C CY+X c x)\o I

nén phuong trinh (??) ¢6 thé dude viét duéi dang sau:

-1 -1
p_[A O I A7'B\ _ 1_0 A 0 I A7'B (1.4)
C PlIAJ\O I cAt 1)\0o PlA)\0 I

Tuong tu, néu D 1a ma tran kha nghich, thi

-1 _ -1
P:<I BD ><A BD-1C o)( _11 0) L5
0 I 0 D) \Dc I

Mit khéc,

Pinh 1y 1.15.
1. Néu|A| #0 thi|P| = |A|.|D — CA~'B|;
2. Néu|D| # 0 thi|P| = |A — BD~'C|.|D|.

5 pi_ (A—1+A—1Bx—1CA—1 —~A-1BX !

xica x-1 ),Méx = (Pla).
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Pinh 1y 1.16. Néu A va D la cdc ma tran vuéng cap n, detA # 0, va AC = CA, thi
|P| = |AD — CB.

Cha y 1.17. Dinh Iy ?? van diing néu |A| = 0, that vdy, xét ma tran Ac = A +el. Dé
dang thay rdng ma tran A. sé kha nghich vdi moi ¢ dii nhé! Hon nita néu AC = CA thi
AC = CA..

Dinh ly 1.18. Gii situ la mét hang, v 1a mét cot, va a 1a mot sé bat ki. Khi do

A v

= a|A| —u(adj A)v.
u a

Dinh 1y 1.19 (Emily Haynsworth). Cho A = | Ay; Ax» A
Az Az Ass
(A11) la cac ma tran vuéng, va B, C la cac ma tran kha nghich. Khi do:

Al A A
,B =
Ayl Axp

(A|B) = ((A[C)[(B[C))-

3.2 Bai tap

Bai tap 1.89. Chou vav la cdc hang co dé dain va A la mét ma tran vuéng cap n. Chiing
minh rdng
|A+uTv| = |A| +v(adj A)u”

Bai tap 1.40. Cho A la mét ma tran vuong. Chitn minh rang

I A
AT | TSI LMIH) M) MEA

J do' Y. M? Ia tong binh phuong cia tat ca cdc dinh thitc con cap k cia A.
k
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CHUONG 2

KHONG GIAN VECTO - ANH XA TUYEN TiNH

§1. KHONG GIAN POI NGAU - PHAN BU TRUC GIAO

1.1 Khong gian d6i ngiu

Dinh nghia 2.1. Véi mdi khéng gian véctd V trén truong K, khong gian tuyén tinh V*
ma cdc phan tit ctia nd la cdc dnh xa tuyén tinh trén V, nghia Ia, anh xa f : V — K sao
cho

f(Av1 + Av) = A1 f(v1) + Aaf(v2) vOi moi A, Ay € K vavy, vy €V,

duoc goi Ia khong gian doi ngau vdi khong gian V.

DPinh 1y 2.2. Cho V la khéng gian Oclit n chiéu, chiing minh diéu kién can va di dé anh
xa f: V — R tuyén tinh Ia tén tai véctda c6 dinh ciaV dé f(x) =<a,x >, Vx €V

Chu y 2.3. Khi dé khéng gian V* c¢o thé dudc coi nhu dong nhat vii khéng gian V.

Chitng minh. Diéu kién dt: Dé dang chiing minh 4nh xa f(x) =< a,x >,Vx € V 1a
anh xa tuyén tinh véi méi vectd a ¢b dinh da dudc chon trudc.

Diéu kién can: Gia sit f : V — V 1a mot anh xa tuyén tinh bat ky.

(a) Néu f =0 thi ta chon vectd 2 = 0 thoa man yéu cau bai toan.

(b) Néu f # 0. Ta s& ching minh dimKerf = n — 1. That vy, vi f #Z 0 nén ton
tai it nhat mot vecto yeV,y & Kerf. Cb dinh mot vecto y nhu vay, khi dé véi
mdi x € V, dat A = %,z =x—Ay = x—%ythif(z) =0 = z € Kerf .
Ta ¢6 x = z + Ay , tic 1a moi vects x € V thita nhan phan tich thanh téng cta

2 vectd, mot vects thudc Kerf va mot vecto thudc spany. Piéu dé c6 nghia la

19
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V = Kerf + spany va suy ra dimKerf = n — 1.
Bay gis gia st V ¢6 phan tich thanh tong truc giao V = Kerf + (Kerf )L thi
dim (Kerf)© = 1, tic (Kerf)™ = span(yo), trongdé |lyo| = 1. Pat a =
f(yo)yo € (Kerf): , ta sé chitng minh vecto a thod man yéu cAu bai ra, tic
la f(x) =< a,x >,Vx € V. That vay: Véi mbi x € V, do V = Kerf + (Kerf)" =
Kerf + span (yo) nén x = Ay +y,y € Kerf . Khi dé:
fx)=Af (yo) + f ()

= Af (o)

=A< f (¥0) yo, yo >

=A<ayy>

=< a,)\yo >

=<a,Ay+y > (< a,y >=0doa € (Kerf)",y e (Kerf))

=<ax>

V6i moi co s eq, €, . .., e, ciia khong gian V, dat e (ej) = dij, khidbej, ..., e; sé&la co sé chia
V*. Mbi phan tit f € V* khi d6 c6 thé dudc bidu dién dudi dang
f=) flee.

Do d6, néu c6 dinh co s6 eq, e, . . ., e, cia khong gian V, ching ta c¢6 thé xay dung dudc mot
déng cAu ¢ : V — V* bing cach dat g(e;) = e.

Vé6i mbi anh xa tuyén tinh A : V; — V, toan tit d6i ngau A* : V' — V| xac dinh béi
(A* f2)(v1) = f2(Avy) v6i méi f, € V; va vq € V4. D€ thuan tién hon, ta ki hiéu f(v) béi
< f,v >, khi d6 dinh nghia ctia toan tit A* c6 thé dugc viét lai nhu sau:

(A" fo,01) = (f2, Av1)
Goi (a;;)] 1a ma tran ctia anh xa tuyén tinh A trong cip co s6 {e,} ctia V| va {ep} cta Vs,
6 d6 Aej = Y, a;je;. Tuong tu, goi (al*])T 12 ma tran ctia 4nh xa tuyén tinh A* trong cip cd
s6 {e};} caa V; va {e;} caa V',
BG dé 2.4.
(ﬂfj) = (ﬂz’j)T
Gia st {ex} va {€g} la hai co s6 khdc nhau ctia khong gian vécto V, A 1a ma tran chuyén
tit cd s6 {e,} sang {eg}, B 1a ma tran chuyén cd s6 tit {e; } sang co s6 {(—:2;}
Bé dé 2.5.
ABT =1.
Hé qua 2.6. Cdc co sd {e,} va{eg} cdm sinh cung mot dang cdu'V — V* khi va chi khi A
1a mét ma tran truc giao, nghia Ia AAT = 1.
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1.2 Phan bu truc giao
Dinh nghia 2.7. V4i moi khéng gian con W C V, khéng gian

Wt ={feV* < fw>=0vdimoiwec W},
duodc goi Ia phan bui truc giao ciia khong gian con W.

W+ 1a mot khong gian vécto con ciia V* va dimW + dimW' = dimV, béi vi néu ey, ..., e,
la mo6t co s6 ctia V sao cho e, ..., e 1a mot co s6 caa W thi khi do PR la mot co sé
cia W+,

B6 dé2.8. 1. NéuW, C W, thi Wi~ C¢ Wi,
2 (WhHt=w,
3. (Wi +Wo)t = Wi N W5 va (W N o)L = Wi + Wy,
4 NéuV =W, & W, thiV* = Wi & Wy,
DPinh 1y 2.9. Néu A : V — V la mét todn tit tuyén tinh va AW C W thi AAW+ c W+.

Trong khong gian cac ma tran ¢ m x n, tich trong (tich vo6 huéng) gitta hai ma tran X,Y
dude xac dinh nhu sau:

t]_‘(XYT) = Z XiilYij-
i

DPinh 1y 2.10. Cho A l1a mét ma tran c6 m x n. Néu véi méi ma tran X cén x m ta co
tr(AX) =0 thi A = 0.

1.3 Bai tap

Bai tap 2.1. Cho ma trian A vuéng cip n théa man tinh chat tr(AX) = 0 vdi moi ma tran
X ¢ vét bang 0. Chiing minh rang A = Al

Bai tap 2.2. Cho A va B la cdc ma tran c6m x n vak x n tuong iing, sao cho néu AX = 0
thi BX = 0 vdi X la mét vécto cét nao do. Ching minh rdng B = CA, 6 do C la mot ma tran
cok x m.
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§2. HAT NHAN VA ANH - KHONG GIAN THUONG

2.1 Hat nhan va anh

Pinh nghia 2.11. Cho A : V — W la mét 4nh xa tuyén tinh tir khong gian vécto V tdi
khong gian véectd W. Khi do

Ker(A) := {x|x € V, A(x) = 0}
dugc goi la hat nhan cua A.
Im(A) :={yly e W,ax e V,A(x) =y} = {A(x)|x € V}

duoc goi la anh cua A.
Pinh 1y 2.12. Cho A : V — W la mét anh xa tuyén tinh. Khi do

1. Ker(A) la mét khong gian vécto con ciaV.

2. Im(A) la mét khong gian vécto con cua W.

3. dimKerA +dimIm A = dimV.

4. NéuB = {ej,ez,...,e,} 12 mot co sé cia V thi

Im(A) = span{A(e1), Alez),..., Alen)}-

Cho U 45 V %5 W 1a céc 4nh xa tuyén tinh. Khi d6
Pinh ly 2.13.

dim(Im A NKerB) = dimIm A — dimIm BA = dimKerBA — dimKerA.

Pinh Iy 2.14.
KerA* = (ImA)* va Im A* = (KerA) .
Hé qua 2.15. rank A = rank A*.
Chu y 2.16. . Néu V la mét khéng gian Euclide thi V* co thé dong nhat vdi V, va

V=ImA® (ImA)" =ImA®KerA* = IA* & KerA.
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DPinh 1y 2.17 (Fredholm). Cho A : V — V la mét todn tit tuyén tinh. Xeét bon phuong
trinh sau:

(1) Ax=yvwviix,ycV, 3) Ax =0,
2)A*f=gviif,ge V¥, 4) A*f =0.

Khi do

1. hodc la cac phuong trinh (1) va (2) co nghiém vdi moi vé phai, va trong truong hop
nay nghiém la duy nhat

2. hodc la cdac phuong trinh (3) va (4) co cung sé cac nghiém déc I4p tuyén tinh x1, . . ., xi
va fi,..., fx va trong truong hop nay cac phuong trinh (1) (va (2) tuong ung) co
nghiém néu va chinéu f(y) = ... = f(y) = 0 (tuong ing g(x;) = ... = g(xx) = 0).

DPinh 1y 2.18. Phuong trinh (2) ¢ nghiém khi va chi khi mét trong cac diéu kién tuong
duong sau dudc thoa man

a) Ton tai cic ma tranY va Z sao choC = AY vaC = ZB;

b) rank A = rank(A, C) va rank B = rank ((Ii)

Dinh 1y 2.19. Cho rank A = a. Khi do ton tai cdc ma tran kha nghic L va R sao cho
LAR = I,, 6 dd 1, Ia ma trén cdp n cd a phan tit trén duong chéo bang 1, va cdc phan ti
con lai bang 0.

2.2 Khong gian thuong

Néu W 1a moét khéng gian vécto con ctia khong gian V thi V c6 thé dude phan thanh
16p cac tap con nhu sau:

My, ={xeVjx—ve W}
Nhén xét rang M, = M, néu va chi néu v — v’ € W. Khi d6 trén tap thuong
V/W ={My|v € V},

ta c6 thé xay dung mot cAu tric tuyén tinh bang cach dat AM, = M,, va M, + M, =
M, y.Chuy rang M), va M, khong phu thudc vao cach chon v va v’ .

Pinh nghia 2.20. Khong gian V /W duodc goi la khong gian thuong ciia V modulo W
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Dé thuan tién ngudi ta thuong ki hiéu 16p M, béi v + W. Anh xa
p:V—=V/W,pv)=M,,

dudce goi 1a phép chiéu chinh tac tit V 1én V/W. Hién nhién, Kerp =Wvalmp =V/W.

B dé 2.21. dim(V /W) = dimV — dimW

Chiing minh. Néu ey, ..., e, 12 mot co s6 cia W va ey, ..., e, ki1, ---,6n la mot cosd caa V
thip(e;) = ... = p(ex) =0vap(exi1),...,p(en) 1a mot co sé caa V/W. ]

Pinh ly 2.22.
1. (U/W)/(V/W)=U/V néuW CV C U;

2.V/VAW=(V+W)/W néuV,W C U.

2.3 Bai tap
Bai tap 2.3. Cho A la mét toan tit tuyén tinh. Chitng minh rang
n
dimKerA" ™! = dimKerA + 2 dim(Im Akn KerA)
k=1

va

n
dimIm A = dimIm A"! + Z dim(Im Ak KerA).
k=1
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§3. CO SO CUA KHONG GIAN VECTO - POC LAP TUYEN
TINH

3.1 Bai toan doi co sé

Cho A 1a ma tran cia 4nh xa tuyén tinh f : V — W trong céip co sé e = {ey,...,e,} clia
Vvae={ey,...,entcua W. Gia st ¢/ = eP va € = €Q la cac co s6 khac caa V va W. Khi
do

A'=Q7 AP

12 ma tran cta f trong cip cd s6 ¢’ va ¢’. Pac biét, néu V = W va P = Q thi A’ = P~1AP.
Dinh ly 2.23. V4i méi todn tir tuyén tinh A, da thiic dic trung

AT— A=Ay +a, 1 Ap1+...+ag
khong phu thudc vao cach chon co sd ciia khong gian V.

Dinh ly 2.24 (Green, 1973). . Cho x1,...,x, vayi,...,Yn la hai co sé cua khong gian V,
1 <k <n. Khidok vécto ciayy,...,y, cd thé hoan doi dugc vdi cdc véctd xy, . . ., x; sao cho
chiing ta van thu dudc 2 co sé khac ciia khong gian V.

Dinh ly 2.25 (Aupetit, 1988). Cho T la mét toan tir tuyén tinh trén khéng gian V sao
cho vdi moi & € V cdc vécto &, T¢, ..., T"E la doc lap tuyén tinh. Khi do cdc todn tit tuyén
tinh 1, T,..., T" la doc Iap tuyén tinh.

3.2 Bai tap

Bai tap 2.4. Trong V" cho cdc véctde, ..., e,. Chiing minh rang néum > n+ 2 thi ton
tai cdc s ay, ..., u, khong dong thoi bang 0 sao cho Y wje; =0 vay a; = 0.

Bai tap 2.5. Mot t6 hop tuyén tinh 161 ctia cdc vécto vy, ..., v, la mét vécto bat ki
X =Ho1+ ...+ t,0m,

ddot; >0 vaY t; = 1. Ching minh ring trong mét khéng gian vécto thuc n chiéu, bat ki
to hop tuyén tinh 1oi ciia m vécto ciing la mét té hop tuyén tinh 161 ciia khong nhiéu hon
n + 1 vecto cho trudc.

Bai tap 2.6. Chiing minh rang néu |a;;| > Yisilaix| vdimoii =1,...,n thi A = (a;)] la
mot ma tran kha nghich.
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Bai tap 2.7. a) Chocdc véctoey,. .., e, 1 trong mot khong gian Euclide n chiéu, sao cho
(e,-,e]-) < 0néui # j, ching minh rdng moi n vécto riit ra tir hé n + 1 vécto trén déu
lamétcosdcuaV.

b) Chitng minh I'a°ng néuey, ..., ey la cdc vécto trong R" sao cho (e,-,e]-) <0 vdii#jthi
m<n-+1.
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§4. HANG CUA MA TRAN

DPinh nghia 2.26. Cho A Ia mét ma tran cé m x n. Hang ciia ma tran A la cip cao nhat
cua cac dinh thic con khac khéong cua no.

4.1 Cac tinh chat cua hang cua ma tran
B§ dé 2.27.

1. rank(A) < min{m, n}. Néu A la ma tran vuéng cap n thi A kha nghich khi va chi khi
rank(A) = n.

2. rank(A + B) < rank(A) + rank(B).
Dinh ly 2.28. (Pinh Iy Sylvester) Cho A, B la cac ma trdn cdm X n va n X p tuong ung.
Khi do
rank(AB) = rank(B) — dim(Im B N KerA)
Noi riéng,
rank(A) + rank(B) — n < rank(AB) < min{rank(A),rank(B)}
Chiing minh. Chu ¥ rang néu A 1a toan ti tuyén tinh trén khéng gian vécto n chiéu thi
n = dimIm A + dimKer.A
va néu A la ma tran ctia toan t tuyén tinh A thi

rank(A) = dimIm A.

Bay gio xem A nhu la anh xa tuyén tinh trén khéng gian vécts con Im B. Khi d6 anh cta
no la Im AB va hat nhén caa né 1a Im BN KerA. Do d6 ta co

dimIm AB + dim(Im BN KerA) = dimIm B.

Cudi cung, chid ¥y réng bat dang thic can ching minh dudc suy ra truc tiép tit ding thic
trén va bat dang thic sau:

dimIm A 4 dimKer(Im BN KerA) < dimIm A + dimKerA = n.

Pinh 1y 2.29 (Bat dang thiic Frobenius).

rank(AB) + rank(BC) < rank(B) + rank(ABC)
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Bé dé 2.30. Hang ciia ma tran A béng ¢ nhé nhat cia cdc ma tran B, C, sao cho A = BC.

Chiing minh. Néu A = BC va ¢ nhoé nhat cia cac ma tran B,C bang k. Khi d6 ta can
ching minh
rank(A) < min{rank B, rank C} < k.

Dinh ly 2.31 (Flanders, 1962). Chor < m < n va My, ,, l1a khéng gian cac ma tran cd
n x m. Gid sit U la khéng gian véctd con ctia M, , théa man hang Ién nhét cia cdc phan
tit ciia U bangr. Khi do

dimU < nr.

B11

Bo6 dé 2.32. NéuB c U thiB = (B
21

B
52> , 6 d6 By1Byo = 0.
Bé @é 2.833. Néu B, C € U thi By;Cyy + Cy1Bpp = 0.

4.2 Bai tap

Bai tap 2.8. Cho A la mét ma tran vuong cap n. CMR tén taik < n sao chor(A¥) = r(A™)
vdi moi m > k. Noi riéng r(A") = r(A"H1).

Bai tap 2.9. Gis sit cdc gid tri riéng ctia ma tran A co phan thuc 4m. Chiing minh rdng
ton tai ma tran xdc dinh duong C sao cho ATC + CA = —1I.

Bai tap 2.10. Choa;; = x; +y;. Ching minh 1”:a\711grank(a,-j)ﬁZ <2
Bai tap 2.11. Cho A la mét ma tran vuéng co hang bang 1. Chiing minh rang
A+ I =1+1trA.

Bai tap 2.12. Chiing minh rangrank(A*A) = rank A.

. P A B
Bai tap 2.13. Cho A Ia mgt ma tran khé nghich. Chiing minh rdng néu rank (c D) B

rank A thiD = CA~1B.

Bai tap 2.14. Cho Ay, A; la cdac ma trdn co cung cd, va V1, V, la khéng gian vécto sinh
bdi cac hang cua A1, A, tuong ting, W1, W, la khong gian vécto sinh bdi cac cot cua Ay, A,
tuong ung. Ching minh réng cdc diéu kién sau la tuong duong.

1. rank(A; + Ay) = rank A; + rank Ay,
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2 VNV, =0,

3. WinNW, =0.

Bai tap 2.15. Chung minh rdng néu A va B la cdc ma tran co ciung ¢ va BTA = 0 thi
rank(A + B) = rank A + rank B.

Bai tap 2.16. Cho A va B la cdc ma tran vuéng cap 1é. Chitng minh rang néu AB = 0 thi
it nhat mét trong hai ma tran A + AT va B+ BT 1a suy bién.
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CHUONG 3

DANG CHINH TAC CUA MA TRAN VA TOAN
TU TUYEN TiNH

§1. VET CUA MA TRAN

DPinh nghia 3.1. V&t ciia ma tran A la téng ciia cdc phan tit trén dudng chéo ciia no, dudc
ki hiéu la tr A.

Dé thay

tr AB = Zai]'bﬁ = tr BA.
ij

Do d6,
trPAP ' =tr P"1AP =tr A,

nghia 13, hang ctia ma tran ctia toan ti tuyén tinh khong phu thudc vao cach chon co s6
cua khong gian.
Néu A 1a toan ti tuyén tinh trén khong gian Euclidean thi:

Pinh 1y 3.2. Choe, ..., e, la mét co sé chuan tac. Khi do

n
trA =) (Aeje).
i=1

31
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§2. CAU TRUC CUA TU PONG CAU

2.1 Tri riéng va vécto riéng

Gia stt V 1a mot khéong gian vécto, f : V — V 1a mét tu dong ciu ctua V. Viée nghién
cttu f trén toan khong gian V déi khi gap khé khin, vi V qué 16n. Ngudi ta mudn tranh
diéu d6 bang cach han ché f 1én mot s6 16p khéng gian con nao dé U caa V.

Dinh nghia 3.8. Khéng gian véctd con U ciia V dudc goi 1a mét khong gian con 6n dinh
doi véi f (hay mot khéng gian con f 6n dinh néu f(U) C U.

Déi khi nguoi ta néi U 12 moét khong gian con 6n dinh (néu f da rd).
Déi v6i tu dong cau f : V — V, cac khong gian con sau day 14 6n dinh: {0}, V,Kerf, Im f.
Néu c6 cac khong gian con 6n dinh U;, Uy sao cho V = U; & U, thi fluy, va flu, déu 1a
cac tu dong cau. Khi d6 viéc nghién citu f trén V ¢6 thé quy vé viéc nghién citu fi trén Uj;.
N6i rd hon, néu f1 ¢6 ma tran l1a A trong co s6 {e, ey, ..., e} ciia Uy va f, 6 ma tran 1a B
trong cd s6 {ey11,..., e} cua Uy thi f ¢6 ma tran

A0
0 B

trong co s6 {eq,ep,...,e,} cua V.
Sau day ta xét mot truong hop riéng dac biét thi vi, ¢6 nhiéu ting dung trong Co hoc,
Vat ly. D6 1a trudng hop cac khong gian con 6n dinh mét chiéu.

Dinh nghia 8.4. Gii sit f 1a mét tu dong cau cia khéng gian vécto V. Néu co vécto u # 0
va vo hudng A € R sao cho f(x) = Aw, thi A duge goi la mot gia tri riéng cua f con « duge
goi la mot véctd riéng ung voi tri riéng A.

Dinh nghia 8.5. Gid sit A la mét tri riéng cia tu dong cau f : V — V. Khéng gian vécto
Ker(f — Aidy) gom tat ca cdc vécto riéng iing vdi tri riéng A va véctd khéng duoc goi la
khong gian con riéng ctua f ung véi tri riéng A.

Dinh nghia 3.6. Da thiic bic n mét 4n X vdi hé sé thuc
P(X) = det(f — Xidy)

duoc goi 1a da thiic dic trung cia tu dong clu f.
Da thiic bac n mét &n X vdi hé sé thuc

PA(X) = det(A — Xidy)

duoc goi la da thic dac trung cua ma tran A. Nghiém cua da thic nay duodc goi la gia tri
riéng cua A.
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Ménh dé 3.7. Gig st U la mot khong gian con én dinh véi tu dong cdu f:V = V. Goi
f:V/U—V/U,fla] = [f(a)] la dong cidu cdm sinh bdi f. Khi do, da thic déc trung ciia
f bang tich cdc da thiic dic trung cta f|y va f.

Pinh 1y 3.8. Cho A, B la cdc ma tran vuéng cap n. Khi do da thiic dic trung ciia AB va
BA la trung nhau.

Hé qua 3.9. Cho A, B la cdc ma tran c¢d m x n. Khi do cdc da thiic dic trung cia ABT va
BT A khac nhau bdi nhan tix \" ™.

Pinh ly 3.10. Cho ma tran vuéng A co tong ctia cdc phan tit trén méi cét ciia né bang 1,
va gid sit (x1,...,x,)" 12 vécto riéng ciia A théa man x| + ...x, # 0. Khi do gid tri riéng
tuong ung vdi vécto riéng nay bang 1.

Pinh 1y 3.11. Néu téng ciia cdc gid tri tuyét doi ciia cdc phan tit trén mdi cot ciia ma tran
A khéng vuot qua 1, thi tat ca cdc gid tri riéng ciia no ciing khong vuot qua 1.

2.2 Tu dong cau chéo hoa dudc

Dinh nghia 8.12. Tu déng ciu f ciia khéng gian vécto V duoc goi la chéo hoa dude néu
c0 mét co s ciia V gom toan cdc vécto riéng cia f. Noi cach khac f chéo hoa duoc néu ma
tran cua no trong mot co sd nao do cua V la mét ma tran chéo.

Goi A 1a ma tran cta f trong mot co s6 nao dé caa V. Tu dinh nghia ta suy ra f chéo hoa
dugc khi va chi khi ton tai ma tran C kha nghich sao cho C~'AC 12 mét ma tran chéo.

Dinh nghia 3.13. Ma trin A déng dang véi mét ma tran chéo duoc goi 1a ma tran chéo
hoa duogc.

Dinh 1y 8.14. Gii sit tu dong cau f : V — V c6 tinh chat f> = f. Khi do f chéo hod dudc.

Pinh ly 3.15 (Piéu kién can va dua cho su chéo hoa). Tu dong ciu f cia khong gian
vécton chiéu V chéo hoa duoc néu va chi néu hai diéu kién sau diy dudc thoa man:

(i) Da thic dic trung cua f co du nghiém trong R:

Pr(X) = (=1)"(X = A1) (X = A2)2 .. (X = A)™

(i) rank(f — Ajidy) = n—s; (vdii = 1,2,...,m), d diy s; la boi cia \; xem nhu nghiém
cua da thuc dac trung.
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Chu y 3.16. Trén truong sé phitc C hau hét cdc todn tif tuyén tinh déu chéo hoa dudc, chi
c0 cdc todn tit co tri riéng béi la co thé khéng chéo hoa duoc, va cdc todn tir nhu vy sé tao
thanh mot tap hop co do do 0. Noi riéng, tat ca cdc toan tit unita va Hermitian déu chéo
hoa duoge, va ton tai mét co sé truc giao bao gom cdc vécto riéng cia no. Piéu nay la do néu
AW C W thi AW+ C W+,

Chii y thém rang cdc vécto riéng ciia toan tif unita co do dai bang 1, vi |Ax| = |x|. Cdc

tri riéng cua toan tir Hermitian la thuc vi (Ax,x) = (x, Ax) = (Ax, x).

Dinh 1y 3.17. Cho A la mét ma tran truc giao, khi do ton tai mét co s truc giao sao cho

cos @ —sin qo)

ma tréan ciia A trong co s do co dang dudng chéo khoi vdi cac khoi +1, hodc ( )
sing cosg

2.3 Da thic téi tidu

Pinh nghia 3.18. Da thiic co biac nhé nhat triét tiéu ma tran A va cé hé s6 cao nhat bang
1 dudc goi Ia da thiic t6i tiéu cia A.

Chu y 3.19. Da thiic tdi tiéu cia todn ti tuyén tinh duoce dinh nghia bang da thiic téi tiéu
cua ma tran cua no trong mot co sé nao do, va khong phu thudéc vao cach chon co sé cia
khong gian.

Dinh 1y 3.20. Moi da thiic triét tiéu A déu chia hét cho da thiic toi tiéu ctia no.

Dinh nghia 3.21. Da thic p dudc goi la triét tiéu véctov € V ung vdi toan ti tuyén tinh
A:V — V néup(A)v = 0. Da thiic triét tiéu véctd v cé bac nhé nhat va cé hé sé cao nhat
bang 1 dugc goi la da thiic toi tiéu cuiia v.

Pinh ly 3.22. Vi moi todn tif tuyén tinh A : V — V, ton tai mét véctov € V sao cho da
thiic toi tiéu ciia no ing vdi A trung vdi da thidc toi tiéu cia todn tit A.

Dinh ly 3.23 (Cayley - Hamilton). Mdi ma tran déu la nghiém cia da thiic dic trung
cuia no.

Dinh ly 3.24 (Farahat, Lederman, 1958). Da thiic dic trung ciia ma trian A capn trung
vdi da thifc toi tiéu ciia no khi va chi khi vdi moi véctd (x1, ..., x,) ton tai cac c6t P va Q co
dé dai n sao cho x; = QT AFP.

Dinh ly 3.25 (Greenberg, 1984). Chop,(t) la da thuc dac trung cia ma trdn A, va X la
ma tran giao hoan voi A. Khi do pa(X) = M(A — X), d do M la m¢t ma tran giao hoan vioi
A va X.
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2.4 Bai tap

Bai tap 3.1. Chitng minh rang cdc hé sé cua da thie déc trung cia ma tran A co thé dudc
mo ta nhu sau:
det(A —AI) = (=A)" +c1(=A)" 1 +.. . +¢,

trong do c; 1a tong ciia tat ca cac dinh thiic con chinh cap k ciia ma tran A. (Mot dinh thiic
con dugc goi 1a chinh néu cdc chi sé6 hang va chi 56 cot ciia no trung nhau).

Bai tap 3.2. Giz sit A 1a nghiém béi p cia da thic dic trung cia ma tran A vudng cap n.

a. Chiing minh réng sé chiéu cia khong gian riéng ung vdi gia tri riéng A khéng Idn
honp.

b. Datr = rank(A — AI). Chiing minh rang1 <n —r < p.

Bai tap 3.3. Chiing minh rang cdc gia tri riéng ciia ma tran A~! bang bang nghich déo
cua cdc gid tri riéng cua A (ké ca boi).

Chiuing minh.
det(A™! — AI) = (—A)".det(A™1). det (A — %1) :

Bai tap 3.4. Chiing minh rang cdc gid tri riéng cia ma tran A% bang bang binh phuong
cua cdc gid tri riéng cua A (ké ca boi).

Chitng minh. Gia stt Ay, Ay, ..., A, 14 cdc gid tri riéng ctia ma tran A (ké ca boi). Khi dé
det(A—AI) = (A —A) (A2 —A) ... (Ay — A)

det(A+AI) = (M + M)A+ A) ... (Ay+A)

Nhan hai vé cta cac dang thic trén véi nhau ta cé
det(A% — A%I) = (A7 — A%)(A3 =A%) ... (A2 = A?)
thay A2 béi A trong dang thic trén ta cé
det(A? —AI) = (A2 —A) (A3 —A)... (A2 — 1)
suy ra diéu phai ching minh. n

Bai tap 3.5. Chiing minh rdng cdc gid tri riéng cia ma tran AP bang luy thira p cua cac
gid tri riéng cua A (ké ca boi).
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Chung minh. Tuong tu nhu bai tap trén, goi 1,€,€,...,€,-1 1a cac can bac p khac nhau

cua 1 <ek=cos%7”+isin2k7”).Tacé

det(A —AI) = (A —A)(Aa —A) ... (Ay — A)
det(A — )\61[) = ()&1 — )Lel)()tz — )Lé’l) ce ()Ln — )tel)

det(A — Aep 1) = (A1 — Aep_1) (A2 — Aep1) ... (An — Aep1)
Nhan cac vé ctia p phuong trinh trén véi nhau ta duge
det(A" — APT) = (A} — AP)(AL — AP) ... (Ah — AF)
Thay AP béi A trong dang thiic trén ta suy ra diéu phai chiing minh. [

Bai tap 3.6. Cho A la mét ma tran vudng cap n vdi cdc phan tit trong mét trudng dong
dai s0K. Goi A, Ay, ..., Ay 14 cdc gid tri riéng (ké ca boi) ciia ma tran A. Chiing minh rang
néu f(X) la mét da thiic vdi cdc hé s6 trong K thi

det f(A) = F(A)F(Aa) .. f(Au).

Chiing minh. Theo bai ra,

det(A — AI) = ﬁ(/\,- —0).
i=1

Gid st f(A) = ay [T(A — ), khi d6 f(A) = ag TT(A — il). Vay
j=1 j=1
det f(A) = ag ﬁdet(A —wl)

j=1
S n

=ag [ [] [(Ai — mu))

j=1i=1

I
=
1
N
[en)
=

(A — P‘j)]

. . k
Bai tap 3.7. Chiing minh rang néu P4(A) = ] (A; — A)% la da thuc dac trung cia A thi
i=1

k
da thiic ddc trung cua f(A) vdi f la mét da thic la Py )(A) = T1 (f(Ai —A))*%.
i=1
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Chiing minh. Ap dung bai tap ?? véi ham s6 ¢(x) = f(x) — A, gia st Py(A) = det(A —
n

Al) =TT (A — A). (k€ ca boi), ta c6
i=1

n

detg(A) = [ [s(A:)

hay

Bai tap 3.8. Chiing minh rang néu A, )y, ..., A, la cdc gid tri riéng ciia ma tran A va
f(X) Ia mot da thic thi f(A1), f(A2),..., f(An) 1a cdc tri riéng cia ma tran f(A).

Chitng minh. La mot hé qua truc tiép caa bai tap ?2. [

Bai tap 3.9. Chiing minh rang néu Ay, A, ..., A, 1a cdc gid tri riéng ciia ma tran A va

flx) = % la mét phéan thuc hiu ty xac dinh khi x = A (nghia la deth(A) # 0), khi do

det f(A) = f(M)f(A2) ... f(An) va f(A1), f(A2),..., f(Ay) la cac gia tri riéng ciia ma tran

f(A).

Chitng minh. Ap dung ding thic det f(A) = det(g(4)
' det(h(A)

72, 77, N2 n

va stt dung céac két qua caa bai tap

Bai tap 3.10. Chung minh rdng néu A, B 1a cdc ma tran vuéng cung cap thi cdc da thiic
dac trung cua AB va BA trung nhau.

Chung minh. i) Néu A 1a ma tran khéng suy bién thi AB va BA la cdc ma tran dong
dang nén c6 cung da thuc dac trung.

ii) Néu A suy bién thi 0 14 mét gia tri riéng ctia A. Chon m da 16n sao cho Ay = A — %I
khong suy bién véi moi k > m. (ké tit m da 16n nao do, %, k > m khong phai la gia tri
riéng ctia A). Khi d6 A;B va BA; c6 cung da thic dic trung. Cho k — oo ta ¢6 diéu
phai ching minh.

Bai tap 3.11. Cho P la mét ma tran hoan vi. Ching minh rang P" = I;PT = P~1. Tim
cac gia tri riéng cua P.
Bai tap 3.12.

a) C0 ton tai hay khong cdc ma tran vuéng ciung cap A va B sao cho AB — BA =17
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b) Chiing minh rédng néu AB — BA = A thi|A| = 0.
Bai tap 3.13. Tim tri riéng va véctd riéng cia ma trdn A = (a;;) vdia;; = A/ A;.

Bai tap 3.14. Chung minh rdng moi ma tran vuéng A déu la téng cua hai ma tran khé
nghich.

Bai tap 3.15. Chiing minh rang cdc tri riéng ctia ma tran phu thudc lién tuc vao cac phan
tit ctia no. Noi ré hon, cho trude ma trdn A = (a;;). Khi do vdi moie > 0, ton taié > 0 sao
cho néu |a;j — bij| < 0 vaA la mot tri riéng cua A, thi ton tai mét tri riéng y cia B = (bij)
sao cho |A —u| < e.

Bai tap 3.16. Tong ciia cdc phan tit trén méi hang ctia ma tran kha nghich A bang s.
Chiing minh rang téng cia cdac phan tir trén méi hang ciia A~! bang1/s.

Bai tap 3.17. Chiing minh rang néu hang dau tién ctia ma tran S—' AS co dang (A,0,0,...,0),
thi cot dau tién ciia ma tran S 1a mot vécto riéng clia ma trian A dng vdi vécto riéng .

Bai tap 3.18. Cho f(A) = |A\] — A|, 6 do A 1a mét ma tran vuéng cap n. Chiing minh rang
n S

f'(A) = ¥ |A — Ay|, 6 do A; la ma tran thu duge tu A bang cach bé di hang thii va cét
i=1

thizj.

Bai tap 3.19. Cho A,..., A, 1a cdc tri riéng ciia ma tran A. Chiing minh rang céc tri
riéng cua ma tranadj A lalli sy, ..., 1;iz,.

Bai tap 3.20. Vécto x dudc goi la déi xiing (phan doi xiing, tuong iing) néu cdc toa do cia
no théa man (x; = x,_;) (tuong ung (x; = —x,_;)). Cho A = (a;;) 12 mot ma tran doi xiing
tam (a;; = a,_j, ;). Chung minh rdng trong cdc vécto riéng cia A ung vdi cdc tri riéng,
ton tai hodc 1a mét vécto riéng doi xitng, hodc la mot vécto riéng phan doi xing.

Bai tap 3.21. Cho ma tran A vuéng, phiic cip n cé cdc phan tit Ajp—it1 = Xj CO thé khdc
0, con cdc phan ti con lai bang 0. Tim diéu kién cua {x1,...,x,} sao cho ma tran A chéo
hoa duoc.

Bai tap 3.22 (Drazin, Haynsworth, 1962). a) Chiing minh rang ma tran A co m vécto
riéng doc Iap tuyén tinh tuong iing vdi cdc tri riéng thuc khi va chi khi ton tai ma
tran vuéng S xdc dinh khéng 4m cd hang bang m sao cho AS = SA*.

b) Chiing minh rdng ma trdn A cé m vécto riéng déc Iap tuyén tinh tuong iing vdi cdc
tri riéng A théa man |A| = 1 khi va chi khi ton tai ma tran vuéng S xdc dinh khong
4m co hang bang m sao cho ASA* = S.
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Bai tap 3.238. Cho A la mét ma tran cap n va

1
k+1

[(A) = A= (tr A, fra(A) = fi(A)A - tr(fe(A)A)L
Chitng minh rang f,(A) = 0.

Bai tap 3.24. Cho A va B la cdc ma tran cap n. Chiing minh rang néu tr A" = tr B" vdi
moim =1,...,n thi cac tri riéng cua A va B la trung nhau.

Bai tap 3.25. Cho A la mdt ma tran kha nghich va da thic ddc trung ciua no trung vii da
thiic t6i tiéu. Chiing minh rang da thiic toi tiéu cia A~! bang p(0)'A"p(A~1).

Bai tap 3.26. Cho I1(x — A;)" la da thiic toi tiéu ciia ma tran A. Chiing minh rang da

thifc toi tiéu ciia ma tran 0 A IaTI(x — AWt
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§3. DANG CHUAN CUA MA TRAN

3.1 Dang chuan Jordan ctia ma trian

Dinh 1y 3.26. Cho A va B la cdc ma tran vuéng thuc va A = P~'BP, ¢ dé P la mét ma
tran phiic. Khi do ton tai ma tran thuc Q sao cho A = Q 1BQ.

Piéu dé c6 nghia 1a tap hop tat ca cac ma tran c6 dang A = P~!BP véi P 1a mét ma tran
phtic thi "khéong 16n hon” tap hop tit ca cdc ma tran c¢6 dang A = Q 'BQ véi Q 1a mét ma
tran thuc.

Mot khéi Jordan cd r x r 1a mot ma tran c6 dang

A1 0 .. ... 0
0A 1 .....0
A) = 3
FM=10 0 o .
00 0 1
00 0 0 A

Dinh nghia 8.27. Mot ma tran Jordan la mét ma tran khoi co cac khoi Jordan trén duong
chéo.

Mot co sé Jordan cia todn tit tuyén tinh A : V — V 1a mét co sé ciia khong gian V sao
cho ma tran cua no trong co s do la mét ma tran Jordan.

DPinh ly 3.28 (Jordan). V&i moi todn tir tuyén tinh A : V — V trén C, tén tai mét co
sd Jordan, va ma tran Jordan cia né duoc xdac dinh duy nhat, sai khac hoan vi cdac khéi
Jordan cua no.

Chu y 3.29. Dang chuan Jordan ciia mét ma tran dudc sit dung mot cach rat thuin tién
trong viéc thuc hién phép tinh Iiy thira mét ma tran. Cu thé hon, néu A = PP thi
A" = P~1J"P. D& tinh Iiy thira ciia khoi Jordan J,(\) = Al + N, ta cd cong thiic khai trién
Newton:
n
]n — Z C;;l)\an_k,
k=0

Chu y 3.30. Co 56 Jordan luén Iuén ton tai trén céac truong dong dai so. Trén R khong
phéi Iic nao ciing ton tai co sé Jordan. Tuy nhién trén truong sé thuc cing tén tai mot
dang Jordan, Ia thuc hoa dang chuan Jordan trén truong sé phiic.
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Pinh ly 3.31. Vi mdi todn tit tuyén tinh A trén trudng sé thuc, ludn ton tai mot co sé ma
ma tran ciia né trong cd sé da cho cé dang duong chéo khoéi véi cdc khéi [, (t1), .-, Jm, (t)
tuong iing vdi tri riéng thuct; va cdc khoi [ (M), ..., T (As) tuong tng vdi tri riéng phic
Ai vad;, 6do Ji(A) 1a ma tran c¢é 2n x 2n thu duoc tir khéi Jordan J,(A) bang cach thay
a b

thé méi phan tit co danga + ib ciia né bdi ma tran ( )
—b a

Chu y 3.32. Tir dang chuan Jordan, méi toan tir tuyén tinh A trén C déu co thé dudc
phéan tich dudi dang A = As + Ay, d do As la chéo hoa dudce, va A, la luy linh, hon niia

DPinh 1y 3.33. Cic todn tit A; va A, la xdc dinh duy nhat, hon nita As = S(A) va A, =
N(A), ddo S va N la cac da thic nao do.

DPinh 1y 3.34. Cho A la mét todn tit tuyén tinh kha nghich trén truong sé phiic C. Khi do
A 0 thé biéu dién dudi dang A = A;A, = A,As, & do As 1a todn tit chéo hoa duoc va A,
la mét todn tit Iy don (todn tit Iy don la téng ciia toan tit dong nhat va toan tit iy linh).
Biéu dién nay la duy nhat.

Chitng minh. Néu A kha nghich thi A, cling kha nghich. Khi dé6 A = As + A, = A;A,, &
dé A, = A;H(As+ Ay) =1+ AJ1A,. n

3.2 Dang chuan Frobenius

Dang chuén Jordan chi 1a mét trong s6 nhiéu dang chuian khac nhau ctia ma tran cta
anh xa tuyén tinh. Mét trong nhiing dang chudn khac dugc gidi thiéu trong muc nay la
dang tuan hoan, hay con goi 14 dang chudn Frobenius.

Mot khéi Frobenius hay khéi tuan hoan 14 mét ma tran cé6 dang

00 0 ... 0 —ap
10 0 ... 0 -—m
01 0 0 —day (31)
00 0 ... 1 —a,4

Néu A : V" - V"va Ae; = ey,...,Ae,_1 = e, thi ma tran cta A d6i v6i co sé ey, ..., e, la
mot khoi Frobenius.

Pinh ly 3.35. Vi moi todn tir tuyén tinh A : V — V trén trudng sé thuc hodc phiic, ton
tai mot co sd cua 'V ma J do ma tran cua A trong cd sé do la ma tran co dang duong chéo
khéi vdi cac khoi Frobenius.
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Bé dé 3.36. Da thiic dic trung ctia khéi Frobenius (??) trung véi da thdc téi tiéu cia né,

. n—1
va bang \" + Y. apAk.
k=0

3.3 Bai tap
Bai tap 3.27. Chung minh rang A va AT 1a cdc ma tran dong dang.

Bai tap 3.28. Choo(i),i =1,...,n la mét phép hodn vi bat kiva P = (pij), 6do pij = Sig(j)-
Ching minh rang ma tran P~ AP thu dudc tir ma tran A bang cach phép hodn vi o cdc
cot va cac hang cua no. Ma tran P duoc goi la ma tran hoan vi tuong ung voi 0.

Bai tap 3.29. Cho ma tran A co m tri riéng phan biét, m > 1. Dat b;; tr(A7). Chiing
minh rﬁng|bij ml£0va |bijlg =0

Bai tap 3.30. Chiing minh rangrank A = rank A% néu va chi néu ton tai %irrb(A +ADT1A.
%

Bai tap 3.31. Cho A la mot khéi Jordan. Chiing minh rdng ton tai mot véctd v sao cho
cdc vécto v, Av, A%v,. .., A" v tao nén moét co s6 ciia khong gian V. Khi do ma trén cia A
trong cd s6 do 1a ma tran co dang khoi Frobenius.

Bai tap 3.82. Vdi mdi khoi Frobenius A ton tai mot ma tran doi xiing S sao cho A =
SATS L.
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§4. BIEU DIEN MA TRAN

4.1 Rut gon mot ma tran vé ma tran dang duong chéo
don gian

Nhéan xét rang phép bién d6i A — XAX ! bao toan vét cia ma tran A. Chinh vi vay
ma cac phan t trén duong chéo cia ma tran XAX ! khong thé tuy y. Pinh 1y sau day cho
phép chiing ta rit gon dudng chéo cia ma tran A # Al vé dang don gian (0,0,...,0,tr A).

Pinh ly 3.37 (Gibson, 1975). Cho A # Al. Khi d6 ma tran A dong dang vdi ma tran
duong chéo diag(0,0,...,0,tr A).

Dinh ly 3.38. Cho A 1a mét ma tran phiic bat ki. Khi do ton tai ma tran unita U sao cho
cdc phan tit trén duong chéo ciia ma tran UAU! 1a bang nhau.

DPinh ly 3.39 (Marcus, Purves, 1959). Moi ma trin vuéng A khic 0 déu dong dang véi
mot ma tran ma tat ca cac phan tit trén duong chéo ciia no déu khac 0.

4.2 Biéu ma tran duéi dang toa d6 cuc

Ciing giébng nhu méi mot s6 phic z = a + bi déu c¢6 thé dude biéu dién dudi dang
z = |z|.¢'?, m&i ma tran S déu c6 thé dugc bidu dién dudi dang A = SU, trong d6 S 1a mot
ma tran Hermitian va U la m6t ma tran unita.

DPinh 1y 3.40. Moi ma tran vuéng A trén R (hosdc C) déu co thé biéu dién dudc dudi dang
A = SU, 6 do S la mét ma tran symmetric (Hermitian) xac dinh khong am, va U la mot
ma tran truc giao (unita). Néu A kha nghich thi phan tich trén la duy nhat.

Chu y 3.41. Tuong tu, chiing ta ciing co thé xay dung dudc mot phan tich A = U,S, 6 do
S1 la ma tran symmetric (Hermitian) va U, la ma tran truc giao (unita). Khi do S = S,
khi va chi khi AA* = A*A, nghia Ia A la mot ma tran chudn téc.

DPinh 1y 3.42. Moi ma trin vuéng A déu co thé biéu dién dudc dudi dang A = UDW, & do
U va W la cac ma tran unita va D la mét ma tran duong chéo.

Dinh 1y 8.43. Cho A = SiU; = U,S; la cdc biéu dién ctia ma tran kha nghich A dudi
dang toa do cuc. Khi do U, = U,.
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4.3 Biéu dién Schur

Dinh ly 3.44 (Schur). Moi ma trin vuéng A trén truong sé phitc C déu co thé duoc biéu
dién dudi dang A = UTU*, 6 do U la ma tran unita va T la ma tran tam gidc, hon nita, A
Ia chudn tdc néu va chi néu T 1a ma tran dudng chéo.

4.4 Biéu dién Lanczos

Dinh ly 3.45 (Lanczos, 1958). Moi ma tran thuc cdm x n co hangp > 0 déu co thé dudc
biéu dién dudi dang A = XAYT §do X vaY la cdc ma tran cGm x p van x p vdi cdc cot
truc giao va A\ la ma tran duong chéo cd p x p.

4.5 Bai tap

Bai tap 3.33. Chiing minh riang vdi moi ma tran vuéng A khac 0 déu ton tai ma tran X
sao cho cdc ma tran X va A + X c0 cdc tri riéng khac 0 déu khac nhau.

Bai tap 3.34. Chiing minh rang moi phép bién déi tuyén tinh trén R" la té hop ciia mot
phép bién déi truc giao va mét phép co gian doc theo hudng vuéng goc (véi cac hé sé phan
biét).

Bai tap 3.35. Cho A : R" — R" la m¢t toan tit co, nghia la |Ax| < |x|. Coi R" la khong
gian con cia R?". Chitng minh rdang A Ia han ché 1én R" cia t6 hop ciia phép mét phép
bién doi truc giao trén R** va mét phép chiéu Ién R".

Bai tap 3.36 (Phan tich Gauss). Gid s moi dinh thic con |a,-j|f,p =1,...,n cua ma
tran A vuéng cap n bang 0. Ching minh rang A c¢d thé biéu dién dudi dang A = T, T, J do
T1 la ma tran tam giac duoi va T, la mot ma tran tam giac trén.

Bai tap 3.37 (Phan tich Gram). Chiing minh rang moi ma tran kha nghich X co thé
biéu dién duoc dudi dang X = UT, & do U 1a mét ma tran truc giao va T 1a mot ma tran
tam giac trén.

Bai tap 3.38 (Ramakrishnan, 1972). Cho B = diag(L,¢,...,€" 1), ¢ do e = exp(2Z, va

C = (cij){, 6docij = 6; ;1 (6ddy j — 1 dugc xem nhu la modulo n). Ching minh rang moi
ma trdn M vuéng cap n trén C duoge biéu dién duy nhat dudi dang M = ZZZ_:lo ayB*CL.
Bai tap 3.39. Chiing minh rang moi ma tran phan xiing A co thé duoc biéu dién dudi
dang

A =515, — 5557,

Jdo S, va S, 1a cdc ma tran doi xing.
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CAC MA TRAN CO DANG DAC BIET

§1. MA TRAN POI XUNG - MA TRAN HERMITIAN

1.1 Cac dinh nghia va tinh chét

DPinh nghia 4.1. Ma tran thuc A dudc goi la doi xiing néu A = AT.
Ma tran phitc A duoc goi 1a Hermitian néu A* = A, ddo A* = AT.

Cac tinh chat don gian:
1. Céc gia tri riéng cia ma tran Hermitian déu thuec.

2. Moi ma tran Hermitian A déu c6 thé dudc phan tich duéi dang U*DU, & dé U 1a ma
tran unita va D 1la ma tran duong chéo.

3. Ma trén A la ma tran Hermitian khi va chi khi (Ax, x) € R v4i moi vécto x.

MG&i ma tran déi xting A c¢6 mét dang toan phuong g(x) = x” Ax va dang song tuyén tinh
B(x,y) = xT Ay tuong dng.

DPinh nghia 4.2. Trong trudng hop thuc, néu A 1a mét ma tran doi xiing, thi dang toan
phuong xT Ax dudc goi la xdc dinh duong néu x” Ax > 0 vdi moi x # 0. Ma tran A khi do
duoc goi 1a ma tran xdc dinh duong, va viét A > 0.

Trong truong hop phiic, néu A 1a mét ma tran Hermitian, thi dang Hermitian (hay con
goi 1a dang nita song tuyén tinh) x* Ax duoc goi la xac dinh duong néu x*Ax > 0 vdi moi
x # 0. Ma tran A khi do dudc goi 1a ma tran xac dinh duong, va viét A > 0.

45



46 Chuong 4. Cac ma trdn co dang dac biét

Chu y 4.3. Néu A la mét ma tran Hermitian, gia sitU la ma tran théa man A = U*DU, &
do D Ia mét ma tran duong chéo. Khi do x* Ax = (Ux)*D(Ux). Khi dé bang phép doéi bién
y = Ux, dang Hermitian co thé biéu dién dudi dang sau:

Y Ay =) Ailyil*.
Khi do néu A xdc dinh duong thi vét ciia no, A + ...+ A, va dinh thiic ciand A, ... A, déu

duong.

DPinh 1y 4.4 (Tiéu chuin Sylvester). Cho A = (a;j) la mét ma tran Hermitian. Khi do
A xdc dinh duong khi va chi khi tat ca cac dinh thiic con chinh ciia no déu duong.

Dinh ly 4.5. Néu A la mét ma tran xdc dinh khong 4m, va x 1a mét vécto sao cho x* Ax =
0. Khi do Ax = 0.

Dinh 1y 4.6. Cho A la mét ma trén xac dinh duong, B la mét ma tran Hermitian. Khi do
AB Ia moét ma tran chéo hoa duge, va sé cdc tri riéng duong, 4m va bang 0 ciia né bang vdi
S0 cdc gid tri tuong ung cia B.

DPinh 1y 4.7. Moi ma tran chéo hoa dudc vdi cdc tri riéng thuc déu co thé biéu dién dudc
dudi dang tich cua mét ma tran xac dinh duong va mot ma tran Hermitian.

1.2 Bai tap

Bai tap 4.1. Chiing minh ridng moi ma tran Hermitian co hang bang r déu co thé biéu
dién duoc dudi dang tong ciia r ma tran Hermitian cé hang bang 1.

Bai tap 4.2. Chiing minh rang néu A la mot ma tran xac dinh duong, thi adj A ciing la
mot ma tran xac dinh duong.
Bai tap 4.3. Chiing minh rang néu A la mét ma tran Hermitian khac O thi rank A >

(tr A)?
tr(A2) *

Bai tap 4.4. Cho A la mét ma tran xac dinh duong cap n. Chiing minh rang
/ e—xTAxdx _ (\/E)n|A|—1/2,

Bai tap 4.5. Chitng minh rdng néu hang ciia mét ma tran déi xing (Hermitian) bang r
thi no co r dinh thic con chinh khac 0.

Bai tap 4.6. Cho S I3 mot ma tran doi xiing kha nghich cip n co tat ca cdc phan tir déu
duong. Hoi phan tit Ion nhat khac 0 co thé ciia ma tran S~! bang bao nhiéu?
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§2. MA TRAN PHAN XUNG

2.1 Cac dinh nghia va tinh chat
Dinh nghia 4.8. Ma tran thuc A duoc goi 1a phan xitng néu AT = —A.
Chu ¥ rang ma tran phan xing cap n 1é c¢6 dinh thic bang 0.

Pinh 1y 4.9. Néu A la mét ma tran phan xiing thi A?> 1a mot ma tran déi xiing, xdc dinh
khong duong.

Hé qua 4.10. Cic tri riéng khac 0 ciia ma tran phan xiing la thuan Zo.

DPinh 1y 4.11. Diéu kién x" Ax = 0 théa man vdi moi x khi vao chi khi A 1a mét ma tran
phan xiing.

Bé dé 4.12. Hang cia mot ma tran phan xing 1a mét sé chén.
DPinh nghia 4.13. Todn tit tuyén tinh A trén khong gian Euclidean duoc goi 1a phan xiing
néu ma tran cia nd trong mot co sé truc chudn nao do Ia phan xing.
. , 1% 0 _)\’l o . - 2 A - 2 -, A . A
Pinh ly 4.14. Dat A; = T Voi moi toan tir tuyén tinh phan xing A, ton tai mot
i

co 56 truc chudn sao cho ma tran ciia nd trong co sé truc chudn do cé dang

diag(A1, Ay, ..., A, 0,...,0).

2.2 Bai tap

Bai tap 4.7. Chiing minh rang néu A la mét ma tran phan xiing thi I + A la mét ma tran
kha nghich.

Bai tap 4.8. Cho A la mot ma tran phan xiing, kha nghich. Chitng minh rang A~ ciing
la moét ma tran phan xung.

Bai tap 4.9. Chiing minh rang moi nghiém ciia da thiic dic trung ciia ma tran AB, ¢ do
A va B la cdc ma trdn phdn xiing cap 2n, déu co béi Ion hon 1.
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§3. MA TRAN TRUC GIAO - PHEP BIEN POI CAYLEY

3.1 Cac dinh nghia va tinh chat
Dinh nghia 4.15. Ma tran thuc A duoc goi la truc giao, néu AAT = 1.

Nhén xét rang néu A 13 mot ma tran truc giao, thi cac hang (va céc cot) cia né 1a mot hé
truc chuén. Hon ntta, ma tran A truc giao khi va chi khi (Ax, Ay) = (x,y) véi moi x, y.

Néu A la mét ma tran truc giao, thi né cling 12 mét ma tran unita, do d6 céc tri riéng
cia né cé gia tri tuyét doi bang 1.

Cac tri riéng clia ma tran truc giao nam trén vong tron don vi c6 tam 1a gbe toa do, cc
tri riéng cia ma tran phan xdng nam trén truc do. Trong giai tich phic, phép bién ddi
f(z) = % bién vong tron don vi thanh truc &o va f(f(z)) = z, vi thé, ching ta hy vong
rang phép bién doi

f(A) = (1= A)(1+A)™"

sé bién moét ma tran truc giao thanh ma tran phan xiing. Phép bién d6i nay dudc goi 1a
phép bién doi Cayley. Pat A* = (I — A)(I1+ A)~!, dé dang thay rang (A*)* = A.

DPinh 1y 4.16. Phép bién doi Cayley bién moi ma tran phin xiing thanh ma tran truc giao
va bién moi ma tran truc giao A vdi |A + I| # 0 thanh ma tran phan xiing.

Dinh 1y 4.17 (Hsu, 1953). Vdi moi ma trdn vuéng A, ton tai ma tran | = diag(+1,...,+1)
sao cho |A+ ]| # 0.

3.2 Bai tap

Bai tap 4.10. Chiing minh rang néu p(\) la da thiic dic trung ciia mét ma tran truc giao
vudng cap n thi
Atp(ATh) = £p(A).

Bai tap 4.11. Chiing minh rang moi ma tran unita cap 2 vdi dinh thic bang 1 déu co
dang ( " Zf) ,6do|ul?+ o2 = 1.
—0 1
Bai tap 4.12. Cho A 1a mét ma tran truc giao vuéng cap 3 va co dinh thiic bang 1. Chung
minh rang
a) (tr A)? —tr(A)? = 2tr A.

b) (Caii —1)* + ¥ (a;; — aj)* = 4.

i<j
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Bai tap 4.138. Cho | 1a mét ma tran kha nghich. Ma tran A dugc goi 1a |- truc giao néu
ATJA = | va [-phan xitng néu AT] = —JA. Chitng minh rang phép bién déi Cayley bién
moét ma tran |- truc giao thanh moét ma tran |- phan xing va ngudc lai.

Bai tap 4.14 (Djokovic, 1971). Gia sit tat ca cdc gid tri tuyét doi ciia cdc tri riéng ciia
ma tran A bang 1 va |Ax| < |x| vdi moi x. Chiing minh rang A 14 mét toan tif unita.

Bai tap 4.15 (Zassenhaus, 1961). Mot toan tir unita U bién vécto khdc khong x thanh
vécto Ux truc giao vdi x. Chiing minh rang moi cung ciia vong tron don vi chiia tét ca cdc
tri riéng cua U co d6 dai khéong nho hon 7.
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§4. MA TRAN CHUAN TAC

4.1 Cac dinh nghia va tinh chat

Toan t tuyén tinh A trén C dude goi 1a chuén tic, néu A*A = AA*. Ma tran ciia mot
toan ti chuin tic trong mot cé sé truc chudn dude goi 14 ma tran chuén tic. Hién nhién
néu A 12 ma tran chuén téc thi A*A = AA*.

Dinh ly 4.18. Cic diéu kién sau la tuong duong:
1. A la ma trén chuén téc,
2. A=B+iC, ddoB,C la cac ma tran Hermitian giao hoan,
3. A =UAU*, d do U la ma tran unita va A\ la ma tran duong chéo.

n n
4 Y M=% |a12j|, ddoM,..., Ay la cac tri riéng cua A.
i=1 ij=1

Dinh ly 4.19. Néu A la mét ma tran chuan tac, thiKerA* = KerA valm A* = Im A.
Hé qua 4.20. Néu A la mét ma tran chuén tac, thi

V = KerA + ®(KerA)T = KerA ©Im A

Dinh ly 4.21. Ma tran A la chudn tac néu va chi néu moi vécto riéng ctia A cting la vécto
riéng cua A*.

Pinh 1y 4.22. Néu ma tran A la chuan tdc, thi A* co thé biéu dién dudi dang nhu la mot
da thuc cua A.

Hé qua 4.23. Néu A va B la cdc ma tran chudn tic va AB = BA thi A*B = BA* va
AB* = B*A, ndi riéng AB ciing Ia mét ma tran chuén téc.
4.2 Bai tap

Bai tap 4.16. Cho A la mét ma tran chuan tic. Chiing ming rang ton tai ma tran chudn
tac B sao cho A = B2.

Bai tap 4.17. Cho A va B la cdc toan tit chuan tac sao cholm A | Im B. Chiing minh rang
A + B la mét toan tir chuédn tdc.

Bai tap 4.18. Chiing minh rang ma tran A la chudn tdc néu va chi néu A* = AU, ddo U
la ma tran unita.
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Bai tap 4.19. Chiing minh rang néu A la mét todn tit chuan tdc va A = SU la biéu dién
trong toa do cuc cua no thi SU = US.

Bai tap 4.20. Cho A,B va AB la cdc ma tran chuén tac. Chiing minh rang BA cing la
mét ma tran chuén téc.
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§56. MA TRAN LUY LINH

5.1 Cac dinh nghia va tinh chét

Dinh nghia 4.24. Ma trian A vuéng cap n dudc goi la luy linh néu ton tai sé6 nguyén k sao
cho AK = 0. Néu co thém AF—1 + 0 thi k duoc goi 1a bac Iy linh ctia ma trén A.

Dinh ly 4.25. Béc Iuy linh cia mét ma tran Ildy linh bing cap cao nhat cia cdc khéi
Jordan cua no.

Dinh 1y 4.26. Cho A 1a ma tran luy linh, vuéng cap n. Khi do A" = 0.
DPinh 1y 4.27. Da thiic dic trung cilia mot ma tran vuoéng cap n Iiy linh bang \".

Pinh ly 4.28. Cho A la mét ma tran vuéng cap n. Chiing minh rang A lidy linh khi va chi
khitr(AP) =0vdimoip =1,2,...,n.

DPinh 1y 4.29. Cho A : V — V la mét toan tit tuyén tinh va W la mét khong gian con bat
bién ciaV.Dat Ay W — W va A, : V/W — V /W Ia cdc toan tit cam sinh bdi todn tit A.
Ching minh rang néu A, va A, 1a Iiy linh thi A cing la liy linh.

5.2 Bai tap

Bai tap 4.21. A la ma tran Iiy linh néu va chi néu tat c4 gid tri riéng ciia A déu bang 0.

Bai tap 4.22. Chiing minh rang néu A la ma tran liy linh thi I — A l1a ma tran kha
nghich.

Chiuing minh. Ta co

[=1-A"=(T-A)(I+A+A .. + A
Bai tap 4.23. Chung minh rang vdi moi ma tran vuéng A luén co thé phan tich A = B+ C
voi C la mot ma tran liy linh va B la ma tran chéo hoa duoc va BC = CB.

Bai tap 4.24. Cho A va B la cdc ma tran vudng cung cap théa man B la ma tran liy linh
va AB = BA. Chiing minh rang det(A + B) = det A

Bai tap 4.25. Cho A va B la cdc ma tran vuéng cing cap théa man A% = [; B2 = 0 va
AB + 4A 4 2009B = 0. Chitng minh rang (A + B) l1a ma tran khéng suy bién.
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Bai tap 4.26. (2000) Cho A va B la cdc ma tran vudng cung cip théa man AY” =
0; B2 — 0 ya AB = BA. Chiing minh rang (A + B + I) kha nghich.

Chitng minh. Nhan xét rang (A + B)*** = 0 nén (A + B) 1a ma tran luy linh, suy ra diéu
phai ching minh. n

Bai tap 4.27. Cho A va B la cdc ma tran vudng cung cap théa man AV = I; B2V = [ va
AB = BA. Chiing minh rang (A + B + I) kha nghich.

Chiing minh. Gia stt (A + B+ I) suy bién. Khi d6 ton tai vecto X khéc 0 sao cho (A + B +
X =0.Hay (A+1)X = —BXsuyra (A+ )X = -BYX = — X, suyra (A+ 1) +
I)X = 0. Theo gia thiét (A2 — )x = 0.
Ta s& chiing minh hai da thic (x + 1) 4+ 1 va %0 — 1 1 nguyén t6 cung nhau. Thay
vay, gia st ching c6 nghiém chung 14 z. Khi d6 (z + 1) = —1 va 220 = 1. Tt d6 suy ra
modun ctia z va (z + 1) déu 1a 1. Do d6, argz = :I:%” va

o0 _ o 40007 | 40007 tan

+4
cos 3 = cos — + sin 3”7&1

Vay ton tai cac da thie P(x) va Q(x) d& P(x)[(x + 1)1 +1] + Q(x)(x?%0 —1) =1
Tu d6 suy ra [P(A)[(A +1)1999 + 1] + Q(A)(A2000 — I)]X = X hay X = 0, mau thuan véi
viéc chon X. Vay ta c6 diéu phai chiing minh [

Bai tap 4.28. (IMC) Cho hai ma trin vuéng cip n,A va B. Gia sit ton tai (n + 1) s6
t1,tr, ..., t, phan biét sao cho cac ma trdan C; = A+ t;B la cac ma tran Iy linh vdi moi
i=1,..,n+1. Chiing minh rdng A va B ciing la cdc ma tran Iiy linh

Bai tap 4.29. Tim cac ma trdn A, B sao cho AA + uB la luy linh voi moi A, y nhung khéng
ton tai ma tran P sao cho P~'AP va P~'BP la cdc ma tran tam gidc.
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§6. TOAN TU CHIEU - MA TRAN LUY DANG

6.1 Cac dinh nghia va tinh chat
Pinh nghia 4.30. Todn tiz P dudc goi la toan tit chiéu (hay luy dang) néu P> = P.

DPinh 1y 4.31. Ton tai mot co s ciia khéng gian sao cho ma tran ctia todn tir chiéu co dang
diag(1,...,1,0,...,0).

Hé qua 4.32. Co mét tuong iing 1-1 giiia todn tir chiéu va phéan tich V. = W; ® W, cua
khéng gian V. Noi ré hon, vdéi méi phén tich V = Wy, & W,, ton tai todn tit chiéu P théa
man P(w; + w,) = wy; va nguoc lai, véi mdi toan tit chiéu P c6 mét phén tich tuong iing
V =ImP & KerP.

Toan tit P khi d6 c6 thé dudc goi 1a toan t& chiéu 1én W; theo huéng Wh.
Hé qua 4.33. Néu P Ia todn tit chiéu thirank P = tr P.

Hé qua 4.834. Néu P Ia todn tir chiéu thi I — P ciing la mét toan tir chiéu, hon nita Ker(I —
P) =ImP valm(I — P) = KerP.

Dinh 1y 4.35. Todn tit chiéu P la Hermitian néu va chi néuIm P | KerP.
DPinh 1y 4.36. Todn tif chiéu P la Hermitian néu va chi néu |Px| < x vdi moi x.

Cac toan tit chiéu Hermitian P va Q dudc goi 1a truc giao néu ImP 1 Im Q, nghia la
PQ=QP=0.

Pinh ly 4.37. Cho P, ..., P, la cac toan tir chiéu Hermitian. Khi do toan t¢P = Py + ...+
P, Ia todn tit chiéu néu va chi néu PiP; =0 vdi moii # j.

Dinh ly 4.38 (Djokovic, 1971). ChoV = V1@ ... &V, ddoV; # 0 vdimoii = 1,... k.
Dit P, : V — V; Ia cdc phép chiéu truc giao va A = Py +... +P. Khido0 < |A| < 1, va
|A| = 1 néu va chinéuV; L V; vdi moii # j.

6.2 Bai tap

Bai tap 4.30. Cho P la mét toan tit chiéu va V = Im P @ KerP. Chiing minh rang néu
Im P | KerP thi Pv la hinh chiéu truc giao ciia v 1én Im P.

Bai tap 4.31. Cho A la mét ma tran vuéng cap n. Chiing minh rang cdc diéu kién sau 1a
tuong duong
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a. A la ma tran Iiy dang.

b. C" =ImA + KerA voi Ax = x vdi moi x € Im A.
c. KerA=Im(I — A)

d. rank(A) +rank(l — A) =n

e. Im(A)NIm(I — A) = {0}

Bai tap 4.32. Cho A la mét ma tran vuéng cap n. Chiing minh rang A la liiy diang khi va
chi khirank(A) = tr(A) varank(I — A) = tr(I — A).

Bai tap 4.33. Cho P, va P, la cdc toan tit chiéu. Chiing minh rang
1. P, + P, Ia toan tit chiéu khi va chi khi P,P, = P,P; = 0.
2. P, — D, Ia toan ti chiéu khi va chi khi PP, = P,P; = D,.
Bai tap 4.34 (Pinh ly ergodic). Cho A la ma tran unita. Chiing minh rang

1 n—-1
lim — ) A'x = Px,
0

n—oo 11 !
1=
6 do P 1a mot phép chiéu Hermitian 1én Ker(A — I).

Bai tap 4.85. Cho A va B la cdc ma tran vudng cap n. Chiing minh rdng néu AB = A va
BA = B thi A, B 1a cdc ma tran liy ding.

Bai tap 4.36. Cho A va B la cdc ma tran vuéng cap n, liy dang. Tim diéu kién can va du
dé' (A + B) 1a ma tran liy dang.

Bai tap 4.37. Cho A la ma tran Iiy dang. Chitng minh riang (A+ ¥ =1+ (28 —1)A vdi
moi k € IN.

Bai tap 4.38. (OL) Cho A, B la cdc ma tran cung cap, liy ding va AB + BA = 0. Tinh
det(A — B).

Bai tap 4.39. Cho A, B la cdc ma tran ciing cap, liiy dang val — (A + B) kha nghich. CMR
tr(A) = tr(B).

Bai tap 4.40. Cho A1, A,, ..., Ay 1a cdc todn tif tuyén tinh trén khong gian vécto n chiéu
V sao cho Ay + Ay + ...+ Ay = 1. Ching minh rang néu cédc diéu kién sau la tuong duong

1. Ay,..., A Ia cdc todn tit chiéu.
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3. rank A1 + ... +rank Ay = n.

Bai tap 4.41. Cho Ay, A, ..., Ay la cdc ma tran liy ding. Chiing minh rang néu A; +
Ax+...+ Ay =11thi AjAj =0 vdi moii # |.
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§7. MA TRAN POI HOP
Dinh nghia 4.39. Toa4n tit tuyén tinh (hodc ma tran) A dudc goi la doi hop néu A = 1.

Dé dang kiém ching rang P 1a ma tran liy déng néu va chi néu 2P — I 14 ma tran dbi hop.

Dinh ly 4.40. Ton tai mét co sd ciia khéng gian sao cho ma tran cia todn tit doi hop co
dang diag(+£1,...,£1).

Chu y 4.41. Néu A Ia todn tit doi hop thi V = Ker(A + 1) ® Ker(A —I).

Dinh ly 4.42 (Djokovic, 1967). Ma tran A co thé biéu dién dugc dudi dang tich ctia 2 ma
tran doi hop néu va chi néu cac ma tran A va A~ la dong dang.

Hé qua 4.43. Néu B la mot ma tran kha nghich sao cho X" BX = B thi X co thé biéu dién
dudc dudi dang tich ciia 2 ma tran doi hop. Noi riéng, moi ma tran truc giao déu co thé
biéu dién duoc dudi dang tich ciia 2 ma tran doi hop.

Bai tap 4.42. Chiing minh rang A la ma tran déi hop néu va chi néu %(I + A) la ma trdn
iy ddng.
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§8. MA TRAN HOAN VI (HAY CON GOI LA MA TRAN GIAO

HOAN)
8.1 Dinh nghia
[ o ¢4 ¢ ... Cp_q |
Cn—1 Co CT ... Cy—2
DPinh nghia 4.44. Ma tran hoan vi la ma tran co dangC = | ¢y—2 Cy4—1 Co ... Cn-3
| (1 (0] c3 ... co |
01 0
001 0
MatranP= | : : : “-. : | dudc goi la ma tran hoan vi co S0.
00 1
_1 00 |

8.2 Bai tap
Bai tap 4.43. Chiing minh rang P" = I, PT = P~'. Tim cdc gia tri riéng ciia P.
Bai tap 4.44. Cho f(x) = cg +c1x + ... + c,_1x"~\. Chiing minh rang

a. C= f(P)

b. Cac gia tri riéng cua C la f(wk), k=0,1,..,n—1. vdi w la can bacn cua 1.

c. detC = nlz[lf(wi)
=0

1

Bai tap 4.45. Cho A, B la cdc ma tran hoan vi. Chitng minh rang A va B giao hoan va AB
ciing la mét ma tran hoan vi.

Bai tap 4.46. Cho A 12 mét ma tran hodn vi. Chiing minh rédng rank(AF) = rank(A) vdi
moi k.



CHUONG 5

CAC BAT DANG THUC MA TRAN

§1. CAC BAT PANG THUC CHO MA TRAN POI XUNG VA
HERMITIAN

1.1 Cac dinh ly cd ban

Dinh nghia 5.1. Cho A, B la cdc ma tran Hermitian. Ta viét A > B (tuong ting A > B)
néu A — B 1a ma tran xdc dinh duong (tuong ing xdc dinh khéng 4m).

DPinh 1y 5.2. NéuA > B >0thiA~! < B~L
DPinh 1y 5.3. NéuA >0thiA+ A~ >2I.
Dinh 1y 5.4. Néu A 1a ma tran thuc va A > 0 thi

(A7x,x) = max(2(x,y) — (Ay,y))-

A, B

Pinh 1y 5.5. Cho A =
- B* A,

) > 0. Khi dodet A < det A; det Aj.

Hé qua 5.6 (Bat dang thitc Hadamard). Néu A = (a;j) l1a ma tran xdc dinh duong, thi
det A < ay1am ... an, va diu bang xdy ra khi va chi khi A 1a ma tran duong chéo.

Hé qua 5.7. Néu X la mét ma tran bat ki, thi

[det X| <Y gl ol
i

59
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Aq

Dinh 1y 5.8. Cho A = (B* j ) > 0 la ma tran xac dinh duong, ¢ do B la mét ma tran
2

vudng. Khi do | det B|> < det A; det A,.
Pinh 1y 5.9. Chow; >0,y a; =1 va A; > 0. Khi do
e A+ .o ap A > JAM L Ak
Pinh 1y 5.10. Cho A; Ia cdc s6 phiic bat ki va A; > 0. Khi do
|det(A1 A1 + ...+ AAp)| < det(|Aq] A1+ ...+ | Ak Ag).

Dinh ly 5.11. Cho A va B la cac ma tran thuc xac dinh duong, va A1, B la cac ma trdn
thu dugc tir ma trdn A, B tuong ing bang cdch xoa di cdc hang diu tién va cot dau tién
cua no. Khi do

A+B| _ |4l [B]

|A1+ Bi1| — |A1]  |Bi]

1.2 Bai tap
Bai tap 5.1. Cho A va B la cdc ma tran vuéng capn > 1, d6 A > 0 va B > 0. Chiing
minh rang |A + B| > |A| + |B| va du bang x4y ra khi va chi khi B = 0.

Bai tap 5.2. Cho A va B la cdc ma tran Hermitian va A > 0. Chiing minh rang det A <
| det(A + iB)| va ddu bang x4y ra khi va chi khi B = 0.

Bai tap 5.8. Cho Ay va By Ia cdc ma tran con cap k & phia trén, goc trdi ciia cic ma tran
xdc dinh duong A va B sao cho A > B. Chitng minh rang

|A| > |Bgl.
Bai tap 5.4. Cho A va B la cdc ma tran thuc doi xitng va A > 0. Chiing minh rang néu
C = A+ B la ma tran khong kha nghich, thi Cx = 0 vdi x la mét vécto thuc khac 0 nao
do.
Bai tap 5.5. Cho A la ma tran vuéng capn va A > 0. Chiing minh rang
1
|A|Y" = min - tr(AB),
6 do gid tri nhé nhat duoc ldy trén tat cé cdc ma tran B xdc dinh duong co dinh thic bang
1.
Bai tap 5.6. Cho A la ma tran thuc doi xiing xac dinh duong. Chiing minh rang

0 x1 ... x4

X1
det | | <0

Xn
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§2. CAC BAT PANG THUC CHO TRI RIENG

2.1 Cac bat dang thic co ban

Pinh 1y 5.12 (Bat dang thiic Schur). Cho A, ..., A, 14 cdc tri riéng ciia ma trdn A =
(a;;)7. Khi do

ZI?L > < Z i,

ij=1
va dau bang x4y ra néu va chi néu A la mét ma tran chuén téc.

Dinh 1y 5.13. Cho A4, ..., A, la cac tri riéng cia ma trdn A = B+ iC, d do B va C la cac
ma tran Hermitian. Khi do

Z|ReA 2 < 2 |bj;|* va Z|ImA 2 < Z lcij|*.
ij=1 ij=1

Dinh ly 5.14 (H. Weyl). Cho A va B la cac ma tran Hermitian, C = A + B. Cho cac tri
riéng cia cdc ma tran trén dudc xép theo thit tu ting dan lan luot la a7 < ... < a,,

a)yi>waj+pBijr1 voii 2> j,

b) vi<waj+Bijin voii <j.
B
C*
va B dudc xép theo thit tu tang dan sau: aq < ... < &n,B1 < ... < Bw. Khido

, C\ .. . R o o e a ,
Pinh ly 5.15. Cho A = ( D) la mot ma tran Hermitian. Gia su cac tri riéng cua A

nj < ,B] < Xitn—m-

Pinh ly 5.16. Cho A va B la cac pbep chiéu Hermitian, nghia la A> = A va B2 = B. Khi
do cdc tri riéng ciia AB la thuc va nam trong khoang [0,1].

Dinh nghia 5.17. Cadc gid tri o; = \/i;, 6 do y; la cdc tri riéng ctia ma trdn A* A, dudc goi
la cac gia tri ki di cua ma tran A.

Chu y 5.18. Néu A Ia mét ma tran Hermitian xac dinh khong 4m thi cdc gid tri ki di cia
A va cdc tri riéng cia A la trung nhau. Néu A = SU la phén tich trong toa dé cuc cia
A, thi cdc gid tri ki di cia A trung vdi cdc tri riéng ctia ma tran S. Vdi ma tran S, ton tai
mot ma tran unita 'V sao cho S = VAV*, d do A la ma tran duong chéo. Do do, moi ma
tran A co thé duoc biéu dién dudi dang A = VAW, 6 do V va W la cdc ma tran unita va
A = diag(cy,...,00).
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Pinh ly 5.19. Chooy,...,0, la cac gia tri ki di cia ma trdn A, ddooy > ... > 0y, va dat
A, ..., Ay 1a cdc tri riéng cia ma tran A, voi |\| > ... > |A,|. Khi do

Ao Am| < oy...0m vOim < n.

Dinh ly 5.20. Chooy > ... > 0, la cac gia tri ki di cuia ma trdn A vadatt > ... > 1, la
cac gia tri ki di cua ma tran B. Khi do

n
|tr(AB)| <) _oim;.
i=1

2.2 Bai tap
Bai tap 5.7 (Gershgorin discs). Chiing minh rang moi tri riéng ciia ma tran (ai;)} nam
trong mot trong cac dia sau |ay — z| < py, 6 do px = i;j ||
Bai tap 5.8. Chiing minh rang néu U la mot ma tran unita va S > 0, thi | tr(US)| < trS.
Bai tap 5.9. Chiing minh rang néu A va B la cdc ma tran xac dinh khong 4m, thi
| tr(AB)| < tr A.tr B.
Bai tap 5.10. Cho A va B la cdac ma tran Hermitian. Chiing minh rang
tr(AB)? < tr(A%B?).
Bai tap 5.11 (Cullen, 1965). Chung minh rszuigkli_{rgo A¥ = 0 néu va chi néu mét trong cac
diéu kién sau dugc théa man:
a) gid tri tuyét doi ciia cdc tri riéng ciia A nhé hon 1;
b) ton tai mot ma tran xac dinh duong H sao cho H — A*HA > 0.
Gia tri ki1 di

Bai tap 5.12. Chung minh rdng néu tat ca cdc gid tri ki di ciia ma tran A 1a bang nhau,
thi A = AU, é do U la mét ma tran unita.

Bai tap 5.13. Chung minh rdng néu cdc gid tri ki di cia ma tran A bang ov,...,0,, thi
cdc gia tri ki di cia ma tran adj A bang | FRETo P § P

Bai tap 5.14. Chooy,...,0, la cdc gid tri ki di ciia ma tran A. Chitng minh rang cac tri

A ? A 0 A N
riéng cua ma tran (A* 0 bangoy,...,0 —01,...,0.
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